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ABSTRACT

A non-uniform surface slip can cause a symmetry breaking in the geometry of an otherwise homogeneous spherical particle to give rise to an
anisotropic hydrodynamic resistance to the particle. Here, we develop a more general theoretical framework capable of decoding the surface-
pattern-dependent hydrodynamic features for single heterogeneous spheres having arbitrary non-uniform slip length distributions in small
variations, especially for those of weakly stick-slip or slip-slip Janus spheres in either the two-faced or striped type. Utilizing the Lorentz
reciprocal theorem in conjunction with surface spherical harmonic expansion, we derive a new coupled set of Faxen formulas for the hydro-
dynamic force and torque on a non-uniform slip sphere by expressing impacts of slip anisotropy in terms of surface dipole and quadrupole
without solving detailed flow fields. Our results reveal not only how various additional forces/torques arise from surface dipole and quadru-
pole, but also that it is the anti-symmetric dipole responsible for distinctive force-rotation/torque-translation coupling. These features are
very distinct from those of no-slip or uniform-slip particles, possibly spurring new means to characterize or sort Janus particles in microflui-
dic experiments. In addition, the coupled Faxen relations with surface moment contributions reported here may infer potential changes in
the collective nature of hydrodynamic interactions between non-uniform slip spheres. Furthermore, the present framework can also be read-

ily applied to heterogeneous self-propelled squirmers whose swimming velocities are sensitive to slip anisotropy.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0067895

I. INTRODUCTION

Janus particles are colloidal particles comprising more than one
surface with distinct properties, showing promising uses in many
applications, such as self-assembly and drug delivery." They can be
made using amphiphilic materials to possess both hydrophobic and
hydrophilic faces.” They can also take the form of composite drops
that can be conveniently made using the microfluidic approach.’
Hydrodynamically, particles of this sort can be either stick-slip or
slip-slip type because of slip disparity over their surfaces. For this rea-
son, the hydrodynamic characteristics of these particles are expected
to be very distinct from those of no-slip or uniform slip particles,
which could be vital when one would like to manipulate or transport
such particles. Slip and its non-uniformity may also be critical for the
swimming of squirmers self-propelled by prescribed slip velocities on
their surfaces” * because their propulsions cannot be fully transmitted
from the slip velocities. The situation could become more complicated
for heterogeneous squirmers whose surfaces are mixed with stick and
slip parts.

The present work is motivated by the need in understanding the
hydrodynamics of stick-slip or slip-slip Janus particles in order to

collaborate with a diversity of flow and actuation mechanisms for
achieving more precise steering or manipulation of these particles in
practice, for instance, under the theme of microfluidics. Here, we will
focus on particles in the spherical shape. Our aim is to develop more
general formulas for computing the hydrodynamic force and torque
on a non-uniform slip Janus sphere in order to describe how the
sphere behaves in its motion under arbitrary forcing or flow
conditions.

The main characteristic difference between a non-uniform slip
sphere and a no-slip/uniform slip sphere is that the hydrodynamic
resistance of the former becomes anisotropic. This could lead a non-
uniform slip sphere to experience a force when it undergoes rotation
or to feel a torque when it is translating. If the slip pattern is axisym-
metric like that of a Janus sphere, such translation-rotation coupling,
which is absent for a homogenous sphere, is somewhat similar to that
for a spheroid.” It is this reason why a stick-slip sphere in a parabolic
flow field displays tumbling like what a spheroid does, as shown in
numerical simulations by Trofa et al.'’ Previous studies on the hydro-
dynamics of a two-faced stick-slip Janus sphere mainly rely on solving
detailed flow fields around the sphere.” "> However, it is generally
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difficult to see how a slip pattern affects the hydrodynamic force and
torque on the sphere. This, thus, motivates us to search for whether
there is a simpler way to obtain these quantities without having to
solve detailed flow fields. Like the Faxen laws for no-slip and uniform-
slip spheres,'* ' we seek modifications of these laws for non-uniform
slip spheres. However, such modifications will not be simple exten-
sions to those of homogeneous spheres. This is due to the fact that the
slip pattern may not have to be of two-faced type with an antisymmet-
ric slip distribution like those considered in previous studies,” '™ it
can well be stripe-like or taking a dipolar form with a symmetric slip
distribution. The hydrodynamic features of the latter can be very dif-
ferent from those of the former, especially when there is an imposed
flow in which the features of the force and torque have to be further
determined by the flow symmetry. Therefore, it is necessary to develop
a more general framework not only for identifying how different slip
patterns influence the hydrodynamics of a Janus sphere but also for
handling the situations in arbitrary imposed flow fields, which is the
main theme of this work.

It is worth mentioning that modified Faxen relations for two-
faced stick-slip Janus spheres have been previously derived by Swan
and Khair."” Their analysis is formulated using the integral representa-
tion of the Stokes flow solution in terms of multipole moment expan-
sions. While this approach may appear general, it is not obvious how
different modes of the slip pattern such as surface dipole and quadru-
pole contribute to the force and torque on the sphere. To provide a sys-
tematic account for how a slip pattern plays a role, we extend
Anderson’s approach to pattern charge electrophoresis'” to take a sur-
face harmonic expansion for the spatially varying slip length of a non-
uniform slip sphere. As will be demonstrated, this approach will allow
us to develop a more general framework using the reciprocal theorem
(see Sec. II) for deriving the Faxen force and torque relations in a more
physics oriented form (see Secs. I1I and IV). The results will reveal not
only how various types of forces and torques arise mainly from surface
dipole and quadrupole but also that it is the antisymmetric dipole that
is responsible for distinctive translation-rotation coupling. In addition,
we will provide simple physical arguments in line with pictorial illustra-
tions for explaining how these surface-moment-induced forces and tor-
ques form due to stick-slip asymmetry (see Sec. V). Impacts of the new
Faxen relations by including these forces and torques will be discussed,
especially when ambient flows are of non-linear type (see Sec. VI).
New perspectives and outlooks will be given in the end (see Sec. VII).

Il. FRAMEWORK TO ESTABLISH FORCE AND TORQUE
FORMULAS USING THE RECIPROCAL THEOREM

We first construct the framework to derive the formulas for com-
puting the hydrodynamic force and torque on a non-uniform slip
sphere. This can be done below by extending the previous formulism
for a uniform slip sphere''* using the Lorentz reciprocal theorem.

Consider the motion of a spherical particle of radius a in an
incompressible Newtonian fluid of density p and viscosity u under the
creeping flow condition. Let # be the disturbance fluid velocity field
and 6 = —1Ip + u(Vit + Vir") be the corresponding stress field due
to the presence of the particle, where p is dynamic pressure. These
fields are governed by the Stokes flow equations

V-u=0, (1a)
V-6=0, (1b)

scitation.org/journal/phf

with the point-force-like characteristics # ~ 1/r and 6 ~ 1/r? when
distance r to the particle becomes large compared to a. Let (i11,6)
and (i1,,65) denote the solutions for the auxiliary problem and the
problem we wish to solve, respectively. They can be related by the fol-
lowing reciprocal relationship:'’

Jﬁl(&zn)dS:Jﬁz(&ln)dS7 (2)
Sp Sp

where S, is the particle surface with n being the unit normal vector
pointing into the fluid. Equation (2) will allow us to determine the
force and torque for the desired problem using the solution to the aux-
iliary problem.

To proceed, the auxiliary problem is chosen as a uniform slip
sphere having an arbitrary slip length a/ in translational motion at
velocity U and/or in rotational motion at angular velocity £ in a qui-
escent fluid [see Fig. 1(a)]. For the problem under investigation, we
look at the motion of a sphere with non-uniform slip length a1’ trans-
lating/rotating at the same velocity/angular velocity in an imposed
flow u> with the corresponding stress field 6> [see Fig. 1(b)]. The
perturbed flow field in this problem can be written as (ﬁz,&z)
= (uy,62) — (u™®°,6) in terms of the actual flow field (uz,07)

(2) %
it

(b)

Y

u® Ia/l’ )

0

FIG. 1. Selected problems for applying the reciprocal theorem. (a) The auxiliary
problem: a uniform slip sphere translating/rotating in a quiescent fluid. (b) The prob-
lem of interest: a non-uniform slip sphere moving at the same translational velocity/
angular velocity in an imposed flow.
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relative to the imposed flow field (u>°, ). For both problems, van-
ishing perturbed fluid velocity at infinity is imposed. Also, each is sub-
ject to the Navier-slip and the non-penetration boundary conditions
on the sphere surface |y| = a. For the known auxiliary problem, these
conditions read as'®

(ﬁl—U—Qxy)~(l—nn):%(&1-n)~(I—nn), (3)
(i —-U—-Qxy) - n=0. (4)

Similarly, for the problem under investigation, the boundary condi-
tions are

(,— U —Q xy+u>)-(I—nn)

:‘”;(Y) (62 -n) + (6™ -n)] - (I nn), (5)
(- U—-Qxy+u*)-n=0. (6)

In what follows, we will use (2)-(6) to derive the formulas for the force
and torque on the sphere.
We first re-write the left-hand side of (2) as

L,,al -(65-n)dS =LP(U+Q xy) - (65-n)dS

SP
With (3) and (4), we replace (#1; — U — Q x y) - (I — nn) in (7) by
(al/u)(61 - n) - (I — nn), allowing us to re-express (7) as

Lyﬁy(&yn)dS:Uj

(&2~n)dS+Q-J y X (62 -n)dS
SP

SP
al
n
Similarly, the right-hand side of (2) can be re-written as

+ J (61 -n)-(I—nn) - (6, -n)dS. (8)
Sp

LpﬁZ.(&l -n)dS:LP(U+Q><yfu°°).(&1 ‘n)ds

+J (1, —U—-Qxy+u>)-(6;-n)dS. (9)
SP

In the second integral, (s, — U — Q Xy +u>)- (I —nn) can be
replaced by the slip term (a'(y)/u)[(62 - n) + (6 - n)] - (I — nn)
because of (5) and (6). Because /' varies with position, we write
2 (y) =2+ (2 (y) — 7) and re-express (9) as

J ﬁz(&ln)ds
SP
:J (U+Qxy—u>)-(6,-n)dS
SP
+a_AL [(62-m) 4 (6> -n)] - (I—nn) - (6, -n)dS

+EL (Z(y) = D@ 1) + (0 -1)] - (L —nn) - (61 - n)ds.

(10)

Combining (8) and (10), the two identical (al/u)(6 - n) - (I —nn)
-(61 - n) terms are canceled out. This allows us to write the force

scitation.org/journal/phf

F = [, (6, -n)dS and the torque T = [,y X (67 - n)dS in terms of
the surface traction (61 - n) and the ambient flow quantities, leading
(2) to

U~F+Q‘T:J (U+Qxy—u>*)- (6, -n)dS

SP

as *.n)-(I—nn)-(6; -n
*IL}" )-(I—nn) - (6, - n)ds
*%Lf’“'(” ~ )62 )+ (6* -n)]
-(I—nn) - (6, -n)dS. (11)

In (11), the last term accounts for the contribution from spatial var-
iations a(/'(y) — /) in the slip length. As will be shown shortly, it is
this term responsible for coupling between translation and rotation.
Since it involves the unknown traction (a5 - n), we determine both
F and T approximately by assuming that a|2'(y) — 4| is small com-
pared to the average slip length a(/'). Define &f(y) = A'(y) — (4)
where ¢ < 1 measures the amplitude of slip anisotropy described
by an O(1) function f(y). Also, for simplicity, (4') is assumed O(1).
We further assign 4, the dimensionless slip length for the auxiliary
uniform-slip problem, to be equal to (/). Thus, we can express

X (y) as

2(y) = () + o (y) = 7+ of (y). (12)

Equation (12) can also be applied to the weakly stick-slip situation
where (') = O(¢). In this case, we can take the fluid motion around a
no-slip sphere as the auxiliary problem to which slip is a small
perturbation.

With ¢ < 1 in (12), the unknown traction (6 - n) in (11) can be
expanded as (6, - n) = (&g‘” -n) + (6'(21) -n) + - - - with a correction
(6'21) -n) of O(¢) to the uniform-slip problem. In other words, we
seek the impacts of slip non-uniformity on (11) up to O(¢) by keeping
the slip variation integral accurate to O(¢) with

(65-n) = (6 - n) + O(e). (13)

Similar perturbation approaches have been employed to solve a
variety of problems.”” > Using the stress field of an unperturbed
problem to approximate the unknown stress field of a desired prob-
lem due to small perturbation in the reciprocal theorem formula-
tion has been shown to provide a simpler way to compute the
hydrodynamic force and torque for the latter without having to
solve detailed flow fields.”

To derive the formulas for F and T from (11), it is more conve-
nient to write (6'20) -n) in terms of translation resistance tensor R’
and rotation resistance tensor RX,

(63 - n) = uR" - (U — u*(xp)) + uR* - (R — Q%(x,)) ¥ y).
(14)

The two resistance tenors R” and R® here are constructed in propor-
tional to the sphere’s velocity (U — 4> (xp)) and angular velocity
( — Q™(x,)) relative to the imposed flow. #> is the imposed flow
field, Q% = (1/2)(V x u*) is half the vorticity of the imposed flow,
and both are evaluated at the sphere’s center at x,. For a uniform slip
sphere, these resistance tensors are given by'°
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r —1{3/2} 1[91}
R =— I-—- nn,
a [1+34 all+34

-1
PrU—— Y
a [1+34

Substituting (13) and (14) into (11), we keep the terms up to O(e).
Furthermore, by making use of the linearity of the Stokes flow, we con-
vert (11) into a matrix representation to re-express F and T in a bilin-
ear form of U and Q,

(15a)

(15b)

F-F°] Rww R U — u™(x,)
R P =)
(16)
> =a), ds— >.R"dS
F a [,,R” (6 -n) uLpu R
+£aJ 6> -n)ds,
T =a/ )| dS— Rou>)ds
aJ { ] ,uprx(R u™)
+eaj Sy [ ()] s
17)
Rey = ML RTdSJraa,uJ f(y)R"-R{dS,

Rro = Saﬂj SR (yxRf)dS,
SP
Rey =san| Fly)y (R-R])ds,
P
Rm:,uJ ¥y X (YxRR)dSHa#J fly)yx [RR (y xR )} ds.
sl' SP
In the above, R = (I — nn) - R is the tangential projection of resis-
tance tensor. Rpy is found symmetric, and so is Rrq [in view of
(15b)]. The coupling tensors Rrq and Ry also satisfy Rpq = (RTU) .
In fact, the symmetries between these tensors are consequences of the
reciprocal theorem.” *” Because [F,T]" has to be linear in
[U—u>(x,), Q2 — Q”O(xp)]T and also because U and  are inde-
pendent and their choices are arbitrary, (16) without [U, Q] in the
front of both sides must always hold. Similar to Oppenheimer et al.,””
we can eliminate the front [U, Q] in (16) to obtain

F—-F*| |R R U —u™(x,)
o] el e

For clarity, we split (F, T') above into the uniform-slip part (Fo, To)
and the O(¢) non-uniform slip part (F', T") as follows:

F=F,+F, (192)
Fy = uLP (U—u>)-RTdS+ aiLPRﬁ - (6™ - n)dsS, (19b)
F' = cap [Lpf(y) R [R[ - (U~ u™(xp))] dS
o SR R (@) <) as
+LP £ f(y) R - (6™ -n) ds} : (19¢)

scitation.org/journal/phf

T=Ty+T, (20a)
Ty :J yx [RR- (@ xy—u™)]dS
Sp
+a/ley>< [ £ (6 .n)] ds, (20b)
T =8auUsf(y)y x [RE- (R - (2 - 2(xp) x y)]ds
] sy R @] (0 = ()] a5
+L w i f(y)y x [Rﬁ (6™ n)} dS} . (20c)

Equations (19) and (20) provide the formulas for computing the
hydrodynamic force F and torque T exerted on a non-uniform slip
sphere. Inclusion of both leading order and O(e) contributions in the
formulation here is similar to what Swan and Khair'” did in their inte-
gral representation of the Faxen relations. However, to better see how
these ¢ terms in (19) and (20) contribute to the additional force F’ and
torque T’ for a given non-uniform slip length /'(y), it is necessary to
expand /' (y) in terms of surface spherical harmonics. This essentially
decomposes /'(y) into a combination of surface moments, such as
dipole, quadrupole, and octupole. Since these surface moments repre-
sent either even or odd distributions with distinct polarities over a
sphere, this approach will offer a more systematic way to reveal how
slip anisotropy breaks spherical symmetry in affecting the force and
torque on the sphere. More importantly, these surface moments can
be readily incorporated into tensor calculus for computing the force
and torque.

lll. SURFACE HARMONIC EXPANSION FOR
A NON-UNIFORM SLIP DISTRIBUTION

Following the preceding section, prior to deriving the Faxen rela-
tions, we follow Anderson'” to expand the spatially varying slip length
J'(y) as a series of surface spherical harmonics,

Ay) = (a/r)" AulSm- @1

Here, the m-th order polyadic S,, is the set of surface spherical
harmonics,

Sy =Y (V- V)" (Y,

giving Sp = 1, §; = —n, S, = 3nn — I, etc. A,, are the coefficients to
form a scalar product with S,, through operator [-]. These coefficients
can be determined by applying the orthogonal relationships between
these surface harmonics according to

(SSk) = 1/(4na2)J S,,5xdS, (22)
Sp
which is non-zero if m=k and zero otherwise. Here, (---) =1/

(4ma?) fs -)dS is the average over the sphere’s surface. The first few
of these orthogonal relationships are
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(S0So) = 1,

1
<5131>,-j = 551';'7

1
<stz>ijkl =3 (_Zéij&kl + 30x0j + 35i15jk)-

Using (22), we can express (21) in terms of monopole (surface
average) (2'Sy) = (A)(= 4), surface dipole P; = —(1'S,), surface
quadrupole P, = (1'S,), etc: A(y) = () —3P;-S; + (5/6)P; :
Sy+ -, 0r

after subtracting (2'). Note that (S,,,) = 0 except for the average mode
m = 0 because of the orthogonality between m # 0 and k = 0 accord-
ing to (22). Here, we assume that the slip length varies spatially in a
scale of sphere’s size or larger. This will ensure that effects of slip
anisotropy can be fairly captured by the first few surface harmonic
contributions without having to include high harmonic contributions.
Also, given that a spherical Janus particle is typically of two-faced or of
striped type,'® it suffices to consider the first two-surface harmonics:
dipole P, and quadrupole P,. Dipole P; can be pictured as a half-
faced pattern, representing the first odd surface harmonic mode.
Quadrupole P, represents the first (non-zero) even surface harmonic
mode, describing a dipolar pattern with two equal caps at the poles.
Thus, if a slip-slip Janus sphere is made of two unequal faces, it can be
thought of as a uniform-slip sphere with (1') plus a linear superposi-
tion of first odd P; and even P, modes due to slip anisotropy, as
illustrated in Fig. 2(a).

As either two-faced type or striped type possesses a polarity rep-
resented by a stick-slip director d, it is more convenient to form P,
and P, in terms of d. To this end, we can re-construct (23) in terms of
dand dd as

ef(y) =32d -8, +(5/2)2dd : S, + - -. (24)

Thus, the surface moments P; and P, in (23) can be expressed in
terms of d with the coefficients & and 2 measuring the strengths of
these surface moments,

(a)

(b)

scitation.org/journal/phf

P, = —¢(fS1) = 24d, (25a)
P, = ¢(fS;) = 2(3dd —I). (25b)

Note that both & and 2 are O(¢) because of &f (y) in (24).

To illustrate how P; and P, are determined by a given slip length
distribution, we assume that the distribution is axisymmetric so that it
can be expressed as a Legendre series,

2= goPo + giP1(n) + &Pa(n) +- - (26)

Here, Po(n) = 1,Pi(n) =n,Py(n) = 3y*> —1)/2, etc, are the
Legendre polynomials with # = cos 0 in terms of the polar angle 0
with respect to the symmetry axis, and the coefficients g, are given by
&= (n+1/2) ﬁl 2'Pa(n)dn. In connection to (23) we have ()
=g0,9 =g /3 and 2 = g /5. For a two-faced Janus sphere with slip
lengths A™ and 4™, it has
(= (1/2)((2" = AM)cosa+ AT +17),

7 = (1/4)(0" = 27) sina, (27)
2 = (1/4)(2" — A7) sinfacos a,

where o is the dividing angle for the more slippery 2™ part. Note that
both & and 2 are proportional to (A" —47) of O(¢). Also, 2
= 9 cos o indicates that surface dipole Py is generally more dominant
than surface quadrupole P,. For a symmetric slip-stick-slip sphere
having two more slippery caps in equal size (of dividing angles o and
7 — o) and a less slippery stripe in the middle, we have

(Y =21 = cosa) + A~ cosa,
G =0, (28)

2= (1/2)(2" = 27) sin*a cos a.
Thus, the non-uniform slip part of this case is completely governed by
P, with 2 > 0 pointing outward. Because of the less hydrodynamic
resistance on the two more slippery poles, such a slip-stick-slip sphere

may act like a prolate spheroid. Similarly, for a symmetric stick—slip—
stick sphere, it is characterized by P, with 2 < 0 pointing inward in

FIG. 2. (a) The slip length distribution of a slip-slip Janus sphere can be represented by its average slip length plus a linear combination of odd and even contributions repre-
sented, respectively, by surface dipole P4 and quadrupole Py. (b) Symmetric slip—stick—slip and stick—slip—stick spheres can be represented by outward and inward quadru-

poles, respectively.
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analogy to an oblate spheroid. Figure 2(b) illustrates these dipolar
Janus spheres represented by outward and inward surface
quadrupoles.

It is worth re-stating that we are mainly looking at the first order
effects of slip anisotropy at O(¢). Possible non-linear interactions or
coupling between different surface harmonics may occur at higher
orders and, hence, can be negligible here.

IV. COUPLED FAXEN FORCE AND TORQUE RELATIONS
FOR A NON-UNIFROM SLIP JANUS SPHERE

Now, we are in the position to evaluate force (19) and torque
(20). We first expand #>° and ¢ with respect to the sphere’s center
located at x = x;, as

u =u*(xp) +y- Vurl +};—T:VVu°°|XP+~--, (292)

6 =6™(xp) +y- Vo™, —I—YZ—T : VVe™|

Xp

YV ovve™|, +--

+—3! :

(29b)

wherey = x — x,,.

Substituting (23), (15), and (29) into (19) and (20), the evalua-
tions of various integrals in (19) and (20) require the following identi-
ties involving even surface moments:

Js nn;dS = (4/3)na’sy, (30a)
P
L n;njngn,,dS = (4/15)7mzA,4jk,,17 (30b)
P
J n,n n;nngn,,dS = (4/105)7szPq,-jkm, (30¢)
Sp
J n,nnnnen,,n,ndS = (4/945)na’ Cypgiikmnt, (30d)

P

where Ajjn = 0i0km + OikOjm + OimOjks Bpgikm = OpqAikm + OpiAgjkm
+5ijiqkm + 6pkAiqu + 5pmAijkq> and Cpqijkmnl = 5kmeqijnl + Okn
quijml + 5lepqijnm + 6kmeqijnl +6qupmijnl + 5kinqmjnl + 6ijpqimnI~

In the following, we merely present main results and provide
detailed derivations in Appendixes A and B.

A. Faxen force relation

The force given by (19) is made of the uniform slip part F, and
non-uniform slip part F'. The former is the usual Faxen force relation,

v- (1 G
1120

with A = (1 +24)/(1 + 34) being the Hadamard-Rybczynski factor

in analogy to the Stokes drag on a spherical drop.'”'® Equation (31)

recovers the Faxen force law for uniform-slip spheres.'™'® Its deriva-

tion is standard, which involves the use of (30a) and (30b) [see (A2b),

(A3),and (A4)].

The O(¢) non-uniform slip part F' = F}, + F;, consists of the
dipole force F}, and the quadrupole force F(,. Each force involves con-
tributions from both the imposed flow and the body movements.
These forces are found to be

Fy = —6mual

uw(xp), (31)
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Here, E* = (1/2)(Vu™ + Vu™T) is the local rate of strain tensors.
For deriving (32), we have used (30a)-(30c) for computing the inte-
grals. Equation (33) can be obtained after simplifying the integral with
(30a)-(30d). More details are given in (A5)-(A13).
Combining (31)-(33), we arrive at the Faxen force relation,

2

_ _ T ),
F= —6nuaA|U <1+6(1+2A")V>u (Xp)

+%Pz : (U—ux(xp))}
%(Q —Q%(xp)) x Py _%%
y <1 _~_54_5‘22v2)E:>o(XP) P, +3—65%VV0'20 % - Py
_1_70(17?331) (1 +79_i>zvz>vam|"" P
+§(117a;) (Hf—;Vz)V(a‘”lxp 1 Py)
2 nal

70130 O
As indicated by (34), non-uniform slip can bring four additional forces
through surface moments P; and P, at O(e): (i) the quadrupole drag
through P», (ii) the dipole force from the linear (straining) part of the
imposed flow through Py, (iii) the quadrupole force from the quadratic
part of the imposed flow through P,, and (iv) the force due to rota-
tional coupling through P;. In (ii) and (iii), higher order Faxen
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corrections can exist when the imposed flow gradient becomes non-
uniform. This can be the case for the multi-particle situation where a
non-uniform slip sphere is surrounded by other particles in motion,
and the former can be subjected to a flow caused by the latter.

Since (34) contains both the non-uniform slip contributions of
O(¢) and the finite-size correction terms of O((a/L)*) or smaller
(with L being the macroscopic length over which flow gradients
occur), the latter can be negligible compared to the former if

e> (a/L). (35)
Under the above condition, we can neglect the finite-size correction
terms  V2EX(xp) - Py, VVaiF| Py, Vo[ : Py, V(6™ : Py)
and Vo';-}o|xp - P, in (34) due to non-uniform flow gradients, which
simplifies (34) to

B 1/2 .

F= —6nua/\(l+mpz) (U—u>(xp))
18mpa? o 36 mua®
RS I

As a result, quadrupole P, will contribute a correction P, - (U — u™
(xp)) to the Stokes drag. Dipole P; will cause an additional force due
to body rotation and/or the straining component E* of an imposed
flow. Owing to linearity, the former can only be constructed as
( — Q(xp)) x Py, whereas the latter can only take the form of
E* - Py, as shown in (36).

In Sec. V, we will provide pictorial illustrations of how these dipole
and quadrupole forces arise physically due to stick-slip asymmetry.

B. Faxen torque relation

Similarly, we can evaluate each term of (20) for the torque as fol-
lows. For the uniform-slip part, only the body rotation ( x y — u>)
term contributes, recovering the usual Stokes torque obtained by pre-
vious studies,'”°

—8nua’®

1434
The torque exerted by the imposed flow stress, the second term in T,
in (20b), is identically zero. The derivation of (37) is standard after
using (30a) and (30b) in (20b) [see (B2) and (B3)].

For the non-uniform slip part T’, it has two contributions: the
dipole torque T7, and the quadrupole torque Tj,. Each contribution
consists of the torque exerted by the imposed flow and the torque gen-
erated by the body movements. These torques can be evaluated as

Ty = Q- Q%(x,)]. (37)

T, Egaj 31(fS1) - Sily
SP
x {Rﬁ : (y Vo™, +%Evvvmx‘) +o ) ~n} ds
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18mua®
=— P x (U—-u™(x
(1+3/‘L)2 1 ( ( P))
12 nat (1+aZ VZ)VX x| .p (38)
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5 (1+37) 14 b
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C ) B ) - T G uve|, P
<\ 1+ (xp)—§(1+3/{) x V6™, :P,. (39)

Both (38) and (39) are the results after reducing the integrals by using
(30a)-(30d). How to arrive at these results in detail can be found in
(B4)~(B10).

Combining (37)-(39) yields the Faxen torque relation as

8nua® (I 3/2 p2> Q- Q%(xy))

S 1+32 1432

187ua?

e 5P x (U —u™(xp))

(1+32)
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Equation (40) reveals that O(&) non-uniform slip affects the torque in
three ways: (i) body rotation via P, (ii) translation coupling via Py,
and (iii) the imposed flow via both Py and P,. In (iii), the contribu-
tions can further involve higher order finite-size corrections if the
imposed flow gradient is non-uniform. Again, if the imposed flow is
linear or (35) is satisfied, we can neglect the higher order terms
a*V?,V x a°c|xp -P; and V x V¢1'°C|Xp : P, in (40). This reduces
(40) to

8npa’® 3/2
nua (I+ /

)@ %)

T AR TS
18mua® 8mua’ ;
+—(1 - 3/1)2 Py x (U —u™(xp)) — 7(1 +37) P, x EOO(XP). (41)

As indicated by (41), dipole P; will contribute to a coupling torque
through the translational velocity [U — u™(x,)] with respect to the
imposed flow. Since torque is a pseudovector, this torque can only be
constructed as Py x (U — u™(xp)) through linearity. Quadrupole P,
will provide a correction to the Stokes torque. Similarly, this quadru-
pole torque can only take the form of P, - (Q — Q> (x,)) relative to
the imposed flow vorticity. Moreover, when there is an imposed flow,
an additional quadrupole torque arising from the straining component
E™ can only be constructed as P, x E*. How these torques are gener-
ated due to stick-slip asymmetry will be discussed next in Sec. V.

V. SURFACE-MOMENT FORCES AND TORQUES
ARISING FROM STICK-SLIP ASYMMETRY

As displayed in (36) and (41), we have shown a variety of addi-
tional hydrodynamic forces and torques induced by surface dipole P,
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and surface quadrupole P,. In this section, we provide pictorial physi-
cal explanations for how these forces and torques form due to stick-
slip asymmetry. They can be generated either by body movements or
exerted under the actions of imposed flows, which are discussed sepa-
rately below.

A. Additional resistance forces and torques induced
by surface moments

Body translation/rotation will generate a resistance force/torque
to oppose the motion of a sphere. Dipole P, basically creates an anti-
symmetry in the forces on different faces of a non-uniform slip Janus
sphere. This results in translation-rotation coupling, generating a
rotation-coupling force {aQ x Py (in scale of euQa® with { ~ ua
being the drag coefficient) or a translation-coupling torque {aP; x U
(in scale of euUa?). How such a force/torque form can be pictured
using a two-faced stick-slip Janus sphere when it is translating/spin-
ning in a quiescent fluid, as illustrated in Fig. 3.

First, consider the situation where the sphere is rotating at an
angular velocity Q in a quiescent fluid. As illustrated in Fig. 3(a), the
stick face will impart a more shear force on the fluid than the slip face
along the spinning direction, exceeded by an order of ¢uQa* due to
the slip difference ¢. In other words, the stick face will receive a more
drag force against the spinning motion, which, in turn, drives the

(

a)
F) = —aR x P,

less
drag
force
more
drag -/ 0
force
(b) less drag
force
U
more T, =—(aP; XU
drag force

FIG. 3. Schematic illustrations of how the dipole force F, and torque T}, arise due
to translation-rotation coupling. (a) illustrates how a rotation-coupling force Fp,
= —(aQ x Py is generated onto a stick-slip sphere when it spins at an angular
velocity €. Such a force is a result of the asymmetric shearing forces exerted on
the stick and the slip faces. Similarly, if the sphere is moving at a velocity U, an
asymmefric drag force pair on the stick and the slip faces will produce a translation-
coupling torque Tp, = —(aP¢ x U to the sphere, as illustrated in (b).

ARTICLE scitation.org/journal/phf

sphere to migrate. Similarly, when the sphere is translating at a pre-
scribed velocity U, the drag force on the stick face will be greater than
that on the slip face in a magnitude of ¢uUa. This generates a couple
&uUa® on the sphere to make it rotate, as illustrated in Fig. 3(b).

As for quadrupole P, we use a symmetric slip-stick-slip Janus
sphere to illustrate how P, causes additional force and torque acting
differently along the two axes of symmetry of the sphere. This explains
the induced force —(P, - U (in scale of euUa) and torque —(a*P; -
(in scale of £uQa®). As shown in Fig. 4(a), we first consider the case
when the sphere is moving at a prescribed velocity U in a quiescent
fluid. For simplicity, we assume that the sphere orients with 45
respect to U so that the poles along direction d and the stripe in the
orthogonal direction d - (I — dd) will feel an equal amount of impacts
from the velocity. However, due to the stick-slip asymmetry, the slip
poles will experience a less drag force than the stick stripe in a magni-
tude of ¢uUa, making the overall drag force on the sphere no longer
be parallel to —U. Because P, = 2(3d d — I) according to (25b), such
a quadrupole drag force can be decomposed as

Fy=—(P, U=-224d-{U—2(dd—1)-({U.  (42)

(b)

FIG. 4. Schematic illustrations of how the quadrupole force F, and torque T¢, are
generated on a slip-stick-slip Janus sphere. (a) When the sphere is moving at a
constant velocity U, the slip poles will feel lower drag force than the stick stripe,
resulting in the overall resistance force F, = —(P;, - U no longer parallel to —U.
(b) Similarly, Ty, = —(a?P; - € can be generated in a direction dis-aligned to the
rotation axis when the sphere spins at an angular velocity €.
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Thus, in the present example, the drag force on the poles will be twice
that on the stripe.

A similar picture shown in Fig. 4(b) can also be used to visualize
how the quadrupole resistance torque —{a?P; - Q is generated when
the sphere rotates at an angular velocity €,

T, = —{a*P, - Q= —22dd - (a*Q — 2(dd - 1) - {a*Q. (43)

As indicated by (43), this torque will be dis-aligned to the principal
rotation axis due to the stick—slip asymmetry.

As explained above, because of stick-slip asymmetry, these addi-
tional resistance forces and torques arising from P; and P, will not be
acting in parallel to the prescribed velocities U and €. This means
that if there is an external force or torque applied to a non-uniform
slip sphere, the sphere will translate/rotate in a direction unparallel to
the applied force/torque due to P,. In addition, because the translation
and rotation are now coupled due to P, the applied force may cause
the sphere to rotate, whereas the applied torque may set up a transla-
tion to the sphere.

B. Surface-moment forces and torques due to
imposed flow gradients: Joint stick-slip asymmetry
and flow symmetry

Unlike resistance force/torque against body motion, an imposed
flow will exert a propulsion force/torque on a non-uniform slip sphere
to make the sphere move along with the stream. While slip anisotropy
breaks symmetry in geometry, this geometrical asymmetry can join
with the symmetry/anti-symmetry of an imposed flow to generate
additional forces and torques. When the flow is linear, dipole P; and
quadrupole P, can couple to the flow’s symmetric straining compo-
nent E* to generate additional force {aP; - E* (in scale of euE>a?)
and torque {a?P, x E™ (in scale of euE™a’) on the sphere, as given
in (36) and (41).

In Fig. 5, we use stick-slip and slip-stick-slip Janus spheres to
illustrate the above effects of P; and P, in the presence of linear flow
fields. Figure 5(a) illustrates how the dipole straining force {aP; - E* is
generated by placing a stick-slip Janus sphere at the center of a pure
straining flow. It is clear that if the sphere is not aligned to the compres-
sion axis or to the stretching axis of the flow, the sphere will experience
asymmetric forces on its two faces. Specifically, the slip face will receive
a less force from the applied straining flow than the stick face. Since
these two forces are acting in the opposite directions, a net force will be
resulted to act on the stick side of the sphere and, hence, will drive the
sphere away from the flow center. Note that no torque is generated by
dipole in this case since ei]-kPUEﬁf is identically zero because of the sym-
metry of E. Figure 5(b) illustrates how the quadrupole-straining tor-
que (a®P, x E™ is generated on a stick-slip-stick Janus sphere when it
is placed at the center of a pure straining flow. In this case, a force pair
of the same amount but in the opposite directions is acting on the two
slip poles, so is that on the stripe portion. This anti-symmetric force
pair, thus, generates a couple onto the sphere without net force.

As for the vorticity component Q of the imposed flow, it pro-
duces effects exactly like those due to the angular velocity Q of the
sphere but in the opposite manner because of pushing by the flow.
Similar to Figs. 3(a) and 4(b) due to €, there are additional dipole
force {aQ™ x P; and quadrupole torque {a?Q* - P, generated by
Q, as illustrated in Fig. 6 by having a non-uniform slip sphere held
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(a)
F}, = {aP, - E® E”
X2

less drag force
h ! gf

more

X1
drag force \ 7

N7

(b) / A E
drag force:< > .
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o = (a*Py X E*®

FIG. 5. Schematic illustrations of how additional force and torque arise onto a non-
uniform slip Janus sphere when it is placed at the center of a pure straining flow.
(a) illustrates that a two-faced stick-slip Janus sphere possessing a dipole P4 can
experience opposite but unequal forces on the stick and the slip faces. This gener-
ates a dipole-straining force (aP4 - E> onto the sphere, which will drive the sphere
away from the flow center. (b) Similarly, a quadrupole-straining torque (a?P; x E>
can be generated onto a symmetric slip-stick-slip Janus sphere due to the anti-
symmetric force pair induced by a quadrupole P.

fixed at the center of a pure rotating flow field. If the sphere is freely
suspended, to ensure both force and torque free, {(aQQ™ x P; must be
canceled out exactly by —{aQ x P; and so be (a*’Q™ -P, by
—{a’Q - P,, just like the leading order uniform slip case where the
Stokes torque {a?(Q — Q) is zero. In this case, the sphere will sim-
ply display a rigid body rotation at Q = Q, meaning that there is no
impact from € on the sphere’s motion.

Similar to the effects of Q> as above, the imposed flow velocity
u™(xp) can also set up surface moment force and torque of the same
types as those caused by the translational velocity U of a non-uniform
slip sphere. They are the dipole torque (aP; X u>(x;) due to transla-
tion coupling and the quadrupole torque (P, - u™ (x, ). As illustrated in
Fig. 7, these torque and force are acting in the manner opposite to those
set up by U [see Figs. 3(b) and 4(a)]. Thus, when the sphere is freely sus-
pended as both force and torque on the sphere are zero, the sphere
must migrate along the stream at U = u*(x,,), just like the leading
order uniform slip case where the Stokes force {(U — u™(x;)) is zero.

VI. NEW IMPACTS DUE TO SURFACE-MOMENT-
MEDIATED FAXEN CORRECTIONS

As shown in (36) and (41), the additional surface-moment-
induced forces and torques exerted by imposed flows are the first
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FIG. 7. Schematic illustrations of how surface-moment-induced force and torque
arise onto a non-uniform slip Janus sphere that is held fixed in an arbitrary flow field

FIG. 6. Schematic illustrations of how additional force and torque arise onto a non- u>. (a) illustrates how a torque (aPy x u™ (x,) is induced by a dipole through
uniform s!|p Janus sphere when it is .hfeld fixed at the center of a pure rotqting flow coupling to the imposed flow velocity 4> (x,) gt the sphere’s position, similar to
field. (a) illustrates that the flow vorticity > can set up a rotation-coupling force Fig. 3(0). (b) illustrates how a force (P - u™ (x,) is generated by a quadrupole,
(aQ> x P4 due to the dipole of a two-faced stick—slip sphere, similar to Fig. 3(a). similar to Fig. 4(2). P

(b) illustrates how an extra quadrupole torque (a?Q> - P, is generated in a direc-
tion dis-aligned to the principal rotation axis of a symmetric slipstick-slip Janus

sphere, similar to Fig. 4(0). preferential directions either along or across the velocity gradients of

the background flow, hydrodynamic interactions between non-
uniform slip spheres will become anisotropic even in a uniformly dis-

effects due to slip anisotropy based on the assumption (35) under tributed suspension of such spheres. Also, for this reason, the first
which the standard Faxen-type finite-size corrections or non-uniform finite-size corrections to the force on a non-uniform slip sphere due to
flow gradient effects are negligible so that the more general Faxen rela- background flow gradient effects will no longer be of the standard
tions (34) and (40) can be reduced to the simplified forms (36) and Faxen type under the operator a*V?, but come from surface moment
(41). However, if the imposed flow field happens to be non-linear like contributions. The latter is mainly from the dipole-straining term
a pressure-driven quadratic flow in a channel, then the more general ~ Pi1 - E*(xp) in (34) due to the linear part of the background flow.
Faxen relations (34) and (40) should be employed for better character- Similarly, the quadrupole-straining term P, x E*(x,) in (40) will be
izing the hydrodynamic force and torque on the sphere in that the main finite-size contribution to the torque. Note that involving the
situation. Such finite-size Faxen corrections may also be vital in the ~ rate of strain tensor E* is typically associated with the symmetric
multi-particle situation such as a dilute suspension of stick-slip or ~ force dipole, namely, stresslet, for computing the effective viscosity of
slip-slip spheres. In this case, hydrodynamic interactions between a particle suspension.”’ This suggests that the force and stresslet on a
these heterogeneous spheres need to be quantified using the method of =~ non-uniform slip sphere will also be coupled and so will the torque
reflections with the full Faxen relations (34) and (40). In such a situa- and stresslet. Further notice that either coupling can exist alone or

tion, the background flow 4> around a test sphere can be taken to be ~ both co-exist, depending on whether the sphere is of two-faced type
the disturbance flow field generated by the surrounding spheres. The dominated by dipole, striped type dominated by quadrupole, or mixed
gradient of such a flow is clearly non-uniform, reflected by the terms with these two types. This means that the nature of hydrodynamic
E*, V6>, VVe™, V x 6%, and V x V> working jointly with interactions between non-uniform slip spheres will depend on the type
surface dipole or quadrupole. The form of these terms appears to of slip pattern. In light of the above, the rheology of a suspension of
resemble those for ellipsoid due to joint geometry and flow effects.”® such spheres is expected to differ both qualitatively and quantitatively
Because the effects of such surface moment terms tend to act in compared to that of a suspension of no-slip or uniform slip spheres.
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VIl. PERSPECTIVES AND OUTLOOKS

We have developed a theory capable of unraveling essential
hydrodynamic features for non-uniform slip spheres. The main idea is
that an uneven slip length distribution will render an asymmetric force
distribution over the surface of a non-uniform slip sphere because of
symmetry breaking. This will induce additional hydrodynamic forces/
torques on the sphere, depending on how the slip length varies spa-
tially along the sphere’s surface.

The theory is built upon a new and more generalized framework
formulated by the reciprocal theorem in conjunction with surface har-
monic expansion, allowing us to derive a new set of the Faxen formu-
las for the hydrodynamic force and torque on a weakly non-uniform
slip sphere with an arbitrary slip length distribution. With the aid of
these formulas, we are able to codify various forces and torques arising
from slip anisotropy—all can be interpreted in terms of surface dipole
and quadrupole, corresponding to antisymmetric stick-slip-like and
symmetric slip-stick-slip-like distributions, respectively.

One might think that a non-uniform slip Janus sphere may act
hydrodynamically like a spheroid or a rod-like particle. It seems that
such an analogy holds only when the sphere is of striped or slip-stick-
slip type dominated by quadrupole, but not for two-faced stick-slip
type dictated by dipole. The reason for this is that quadrupole pre-
serves geometrical symmetry in terms of the two principal axes of
body revolution. Specifically, the drag forces on different parts of the
sphere’s surface can still display a spatial symmetry with respect to the
two principal axes of revolution. On the other hand, dipole breaks geo-
metrical symmetry in one particular direction, which often gives rise
to an unequal drag force pair when the applied force is not aligned to
that direction. It is this reason why dipole can give rise to coupling
between force and rotation as well as a coupling between torque and
translation. Such dipole-induced hydrodynamic coupling becomes
more manifested in the presence of imposed flows. For a dipolar
sphere like a two-faced stick-slip sphere, dipole can be coupled to the
straining component of the imposed flow field to produce an asym-
metric force, which will make the sphere drift across the streamlines.

Quadrupole, on the other hand, typically dominates in the
motion of a slip-stick-slip or stripe-like sphere. It mainly produces a
drag force in plane with the director and translational velocity U of
the sphere, pointing in a direction unparallel to —U. Similarly, an
additional torque can also be introduced by quadrupole. This torque is
acting in plane with the director and angular velocity € of the sphere,
making the overall torque dis-aligned to the principal axis of rotation.
When there is an imposed flow, the same quadrupole torque, but in
the opposite direction, can also arise from the vorticity component of
the flow, Q. If the sphere is freely suspended, these two oppositely
acting quadrupole torques of the same type will exactly cancel out like
the equal but adverse Stokes torques generated by € and Q> in the
uniform slip case, leading the sphere to rotate at Q = Q> [up to
O(&)]. In other words, except for trivial rigid body rotation, there is no
impact from Q% [up to O(¢)] on the motion of the sphere due to
quadrupole under the freely suspended situation.

In view of the above, given that the effects of surface dipole and
quadrupole are rather distinct, it is possible to make use of their char-
acteristic differences to tell which one dominates the surface pattern of
a non-uniform slip Janus sphere. That is, one can utilize the hydrody-
namic features of dipole and quadrupole to tell whether a Janus sphere
belongs to two-faced or striped type. For instance, to see whether the
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sphere is of two-faced type characterized by dipole, one can place the
sphere at the center of a pure straining field (of E>) to see if the sphere
can undergo spinning due to the quadrupole-straining torque [the
P, x E* term in (41)] or exhibit drifting across the streamlines due to
the dipole-straining force [the P; - E* term in (36)]. To identify
whether the sphere is of striped type controlled by quadrupole, perhaps
it can be achieved by placing the sphere in a simple shear flow and by
observing if its rotation dynamics display Jeffery orbits like those of a
spheroid [due to the P, x E* term in (41)]. In any case, the dynamics
of a non-uniform slip sphere should reveal some insights into how
dipole or quadrupole plays a role. In particular, by observing how non-
uniform spheres respond to various applied forcing or flow conditions,
one might be able to utilize these responses to characterize or sort the
spheres hydrodynamically. All these aspects can be tested experimen-
tally using microfluidic devices. But prior to performing such an experi-
ment, it is necessary to analyze how a non-uniform slip sphere behaves
in its motion, depending on the specific forcing or flow condition
applied. This requires applying the new Faxen force and torque relations
(36) and (41) to determine both the translational and rotational dynam-
ics of the sphere. Solving such mobility problems is of particular interest
for the swimming of a squirmer self-propelled by a prescribed slip veloc-
ity on its surface.”” Along this line, it will be interesting to look at the sit-
uation where a squirmer possesses both stick and slip portions on its
surface. For such a heterogeneous squirmer, its swimming velocity is
expected to be sensitive to the stick—slip partition, which can be readily
described by the new framework given in the present study.

Finally, the full Faxen relations (34) and (40) with surface
moment contributions should modify effects at play in systems involv-
ing more than one non-uniform slip spheres, especially on the nature
of hydrodynamic interactions between such spheres. This is rooted in
the fact that these surface moment contributions to a test sphere tend
to act in preferential directions along or across the velocity gradients
of the background flow generated by the surrounding spheres. The
effects would become much more pronounced in a suspension of non-
uniform slip spheres. The reason is that even if these spheres are uni-
formly distributed, hydrodynamic interactions between them could
become anisotropic because of preferential polarity effects of surface
moments. This may alter not only the collective nature of hydrody-
namic interactions but also the microstructure of such suspension. For
this reason, the rheological properties of such suspension are expected
to be distinct from those of a suspension of no-slip or uniform slip
spheres. Studying suspension hydrodynamics of this sort will be the
next topic requiring more investigations. The present work at least
provides some foundations for future pursuit of such a study.
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APPENDIX A: DERIVATION OF THE FAXEN FORCE
RELATION (34)

To compute the force using (19), we need the following resis-
tance tensors according to (15):

i = Ao+ Bnin, (Ala)
Run = o/ (05 — ninj), (Alb)
Rjj = 60y, (Alc)

RﬁH = (g(ég — n,»nj), (Ald)

where o/ = —3/[2a(1+ 32)], # = —184/[2a(1 +34)],  and
€ = —3/[a(1+432)].

The force (19) consists of the uniform-slip part Fy and the
non-uniform slip part F/,

F=F,+F, (A2a)
Fy = qup (UJ — u;’o)RZ ds + a}vaRgll ajo,f ni dS, (A2b)
F = mL f(y) RgH oy nedS
)
s )R RS e (9~ 05 500 008
+aa,uLpf(y) Rg RjiH (U — u”(xp)) dS. (A2¢)

1. Uniform slip part Fo

As indicted by (A2b), this part is made of two terms: the body
translation (U — u™) term and the term due to the imposed flow
stress 6°°. The former can be evaluated by expanding u™ as (29a)
in which only the even terms contributes. The integral can be evalu-
ated with (Ala), (30a), and (30b), giving

:‘u[ [LG*(M?C(XP) ypyqvpvqujoo Xp+---)](,ﬂ5,j+£ninj)d8
JSp

u}OC)Rg ds

4
=nua [49/U+ BU; — 4 u® (xp)fg,%ufc(xp)

uz o0} 4 7’ o0
—? (gJﬁVzui |xp +Es%Alquvpvquj |xp):|
1+24 a* D\
Sma s |V (1 o2y )| 0w

6 1
For deriving Eq. (A3), in the terms ofA,quVPun] , (03p0jq + 0ig0jp)
VpVqu©
The terms higher than the quadratic terms in (29a) will not make any
contributions because V41 = 0.

For the imposed flow stress term, we expand 6> as (29b) and
find that only the odd terms contribute. With (Alb), (30a), and
(30b), the integral can be evaluated as

are identically zero because of the continuity V;u® = 0.
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a/lJ R%aﬁf n,dS
Sp
= a}»J &{(51] - ﬂiﬂj)( V O' |
Sp

:na4ﬂ,&/{ 0ii0kmVim g |

~)nde

4

=15 Ak Vil }
= fina‘l/l&/ Vioi®

15 i %

_ 6 3 ; 2 0
R (1+3A)V -

For deriving Eq. (A4), we have used the fact that 6;j0k, Vi o; |
and (040mk + 0ikOim)Vm o \xp in the Ajji, Vo
cally zero of Viop =0. We
Voi© = =3Vp™, Vjoi? = 0,and Vjoi© + V;p™
plify the results.

Combining (A3) and (A4) gives (31).

(A4)

i |x, term are 1dent1—

because have also used

= uV2u® to sim-

2. Non-uniform slip part F’

The force arising from slip anisotropy F' constitutes dipole
force Fj, and quadrupole force Fy,. Each contribution is evaluated
separately by substituting (23) into (19).

a. Dipole force Fp

The dipole force has two contributions,

Fy=F, +F,,. (A5a)
Fp, = SaL f(y)Rj il Ok 1k dS, (A5b)
P
F, - S“’“‘J FO)RERE, chn (@ — O (xp))yn S, (AS)
S

P

F},, is the force exerted by the imposed flow stress, while F},, is the
force generated by rotation coupling. For the former, we take an
expansion (29b) for 6* and identify that only the even terms con-
tribute. With (A1b) and (30a)-(30c), we can evaluate (A5b) as

. ) Mg ds
4
ISAIka

4 4
+Z vaq ik xp(lsqukm(Sij IOSB”k’”M)}

F/Dl :SQJ 3(fslm>81m Q{(élj — }’li}’lj)

Sp

00 YpYq 00
X (Ujk (XP) + Tvquo—jk |xp +

4
= — 3na342/8(fslm> {aj’fc‘(xp) (5 (Sz'jékm —

4 2
_ 3 . - & 2x72 .00
=—3ma m(fslm>[ (050 + dimp™ ) + 5Vl
4 2
_ s Al
05 (v v+ ViVuo? |>} (A6)
For deriving Eq. (A6), we have used S,,, = —n,, and a]‘-]’-c = —3p™.

The term (0,,p0kq + 5kp(5mq)vpvqo;?,f|xp in qukmvpvqa;,ﬂxp and
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the term (6ijikmq + 5quikmp) vaq(fjoflxp
identically zero because of Vjo7*

in B,jkmpqvpvqaﬁf\xp are
= 0. Also, in B,-jkmquPanj‘?ﬂxp,

the term 5Pq5,m5.kvpvqa;,§| in SpgAiikmVpVy aﬁf\ is zero
because of V?p> =0. Using o + 0;p™ = 2uE° and VZe}?
=2uV?EF in terms of the strain tensor EY = (1/2)
(Viujoo + Vju®), we reduce (A6) to
36 mua 5a%
b= 1 —v2>E?O (S
pL= g 1+3A( o i (%p)E(fS1)) A
6 ma*
51+3)VVk Ji ‘XPSOCS”()

As for Fp, given by (A5c), we evaluate it using (Ala), (Ald), (30a),
and (30b), yielding

F,Dz = aayJ 3(fSlP)Slp (JZ/&IJ + %ninj)
SP
X (g(éjk

- njnk)gkmn (Qm - anc (XP))y” ds

4 4
= 73/17ta4%%8<fslp> |:§ 5pn5ik — EAPWC Skmn(Qm — Qf(xp))

187 ua*
= = 4lu£imp(gm

1+ 3/1)2 - ano(xp)) 8<fslp>- (A8)

Combining (A7) and (A8), we write the final result in terms of
P, = —&(fS;), as given by (32).

b. Quadrupole force Fg,

The quadrupole force F;, also has two contributions,

Fé = Fbl + F'Qz7 (A9a)
Fy = an f(y) R;'H oy nids, (A9b)
SP
Fy, = 8a,uL f(y)RE Rk” (Uk — u” (xp)) dS. (A9c)

P

Fy,, is the force exerted by the imposed flow stress, while F(,, is
the force arising from body translation. To evaluate Ffy, we
expand 6> as (29b) by knowing that only the odd terms contrib-
ute. Recognizing that Sy, = 3n,n; — 0, and making use of
(A1b), (30a), (30b), and s(szpq)épq =0, (A9b) can be evaluated

as
FE)I =& (5/6) J (szpq>Szpq ﬂ(é — n; VlJ)
P
x (ysvsa;’,:‘ o TSNV, Vi -~>nk ds
5 4 4
= Eﬂasﬂs(fszpﬁ {av o Ix (15quks5ij 105 quukS>
4
+ V \Y% VIU | (105 kaqmnléy 945 Cpqumi’llk):|
(A10)

With Vja?jc =0, (A10) reduces to
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4 (
Fo = ﬁm4%5(f52pq>(5vp"?;| = Vigpl, = 0 Vq0jly,)

2
— ——na’ A &(f Sy (ViVieps

(o0}
0 o, + ViV, Vol

00 2 o0
+0pV V2ol ) + —naﬂ%s(szP‘I)V;oiq . (A11)
In Eq. (All), V.V ;ox,, -3V, V? DC| =0 and V;V,
Vq0ily, = =3V Vp P>l =0 Slmllarly, it can also be shown

that even higher derivative terms in (29b) make no contributions at
all. Therefore, (A11) becomes

;10 na® 7a* _, o
Fo ==\ Tog V) Vel ofSa)

2 mad a? )
" (14 =V? |V NS

+7 (1 + 32) < + 18 Vv qu |xps<f 2]‘1>
2 na’ o

+*qu0]j |Xp8<sziq>. (A12)

For F , given by (A9¢), it can be computed using (Ala), (Alb),

(30a), and (30b), which gives

Fy, = (5/6)a L (fSap)Spa (/55 + Brim;)

“op
x o (O — ming) (U — ui” (xp))dS
5a
:zﬂzs(szpq%

J (3npng — 6pg) (0 — ming) (Ur — 1 (Xp))dS

S

5na’ N 4 4
T &[Zb(fszlpq)( — U (Xp)) (g 5pq5ik - Equik>
3nua
_ 7ﬁg(fsm)wk — U (xp)). (A13)

For deriving Eq. (A13), we have used &(fS3pq)9pq = 0.
Combining (A12) and (A13) and writing the final result in
terms of P, = &(fS,), we can finally arrive at (33).

APPENDIX B: DERIVATION OF THE FAXEN TORQUE
RELATION (40)

Likewise, to determine the torque using (20), we also need the
resistance tensors given in (Ala)-(Ald). The torque (20) consists of
the uniform slip part Ty and the non-uniform slip part T’,

T=T,+T, (Bla)

Ty = J &k ;i RY (&lmn Qunyn — ui®) dS + a/ll Eimj Ym R}}(H Tiptp dS,
S Js,

(B1b)

T = saJ F(¥) imj ym Ry 0511 dS

S

soata] | 105) o R RE (U = 5 5p)

P

—|—8ou F(y) ey RS RﬁnH Empg(Qp — €, (xp))y,dS.  (Blc)
3

The two contributions are evaluated separately below.
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1. Uniform slip part To

According to (B1b), Ty is made of the body rotation term
(Q Xy —u™) and the term from the imposed flow stress 6>, For
the former, we expand > as (29a) in which only odd terms will
contribute. With (Alc), (30a), and (30b), the integral can be evalu-
ated as

L eijky]—Rfl (81anmy,, — u‘lx‘)dS

P

= aL &ijk ¥ €on [slanmyn — (ypvpu;’o(xp) 4. ~)]dS
P
4 . 4
=3 7a*E Sju ek Emmk Qom — 3 na*® Sjp cijm Vpti)y ls,

8 4
=3 na‘® Q; — 3 na'® eijk Viug |xp

8 3
= - [ -2 (xy)). (B2)

For deriving Eq. (B2), we have used &jjx&mnk = Sim0jn — 0indjm. Also
recognizing that &; Vju® = 2Q° is the vorticity of the imposed
flow.

The imposed flow stress term in (B1b) is evaluated by expand-
ing 6° as (29b) where only even terms contribute. By using (Alc)
and (30a)-(30c), the integral is found to be

u/lj zimjymRﬁ(” OontndS
SP

50 YpY 0
:azﬂfgL Eimjfm (Ojk — Mg ) {alm(xp) +%vaqakn|xp +. } n,ds
P

) 4 4
= 7'[[14/568{,“]- |:O'}?j (xp) (géjkémn _EAmnjk)

a* o [ 4 4
+5 VeVaaials, | 75 Apam Ok =15 Bpamnit | |- (B3)

Because of Vjoi° = 0 and g0y = 0, (B3) is identically zero.
Combining (B2) and (B3) gives (37).

2. Non-uniform slip part T

Slip anisotropy induces dipole torque T}, and quadrupole tor-
que T’Q. We evaluate each separately below.

a. Dipole torque T|,
The dipole torque T/, is made of two contributions,

T, = Tp, + Thy,. (B4a)

Tbl = SIZJ f(Y) Eimj Ym RJI;‘H O'% Ny ds, (B4b)

SP
Ty, = gauL F(y) ein yi RS RleH (Up — u,; (xp)) dS. (B4c)
“op

T}y, is the torque exerted by the imposed flow stress, whereas T}, is
the torque generated by coupling to translation. For the former
given by (B4b), we expand o} as (29b) where only odd terms

contribute. Furthermore, by making use of (Ald) and (30a)-(30d),
we find

T,Dl = gaJ 3(](51[)511 Eimj Ym (g(éjk - njnk)
Sp

X {ysvsaiﬂxp _‘_J/p??)’r VquV,aifpr + - } n,dS

4
=— 3na4(€8(fslz>8,~mj [a Vsamxp (

4
E Amnlsajk T Thz anjkls)

105

@ 4 4
+ < V,V4Vio EZIX,, ﬁanpquéjk " 945 Connparikl }

4 2
= — gna5fgs(fsu)sijkvjaﬁf|xp — gna"gg(fS”}a,jkVZVjaiﬂxp
12 nat ( a? >
== 14+ —=V? e VioX|. e(fSu). B5
5 (1+32) T ik ViR |y, €(fSu) (B5)
For deriving Eq. (B5), we have used Sy = —nz,aijkaj‘?,f =0 and
VjG,-Ojc =0.

T, can be computed by using (A1b), (Alc), (30a), and (30b),
giving

T, = aa,uj 3(fS1,)S1p ijky; Gon A (Oin — i) (Upy — 1y (xp)) dS

Sp

4
Ajpiem | (U — 17 (x%p))

4 .
= —3na* A/ Ce(fS1p)ein {5 OpjOkm — '

187a*
_ ﬁ ik e(FS17) (Uk — 1 (xp))- (B6)

For deriving Eq. (B6), we have used dj&; = 0.
The end result can be obtained by combining (B5) and (B6),
and written in terms of P; = —&(fS,), giving (38).

b. Quadrupole torque Tq

The quadrupole torque Ty, is also made of two contributions,

T}, = Tjy + Ty, (B7a)

Ty = saL FY) €imiym R;}(” Oty dS, (B7b)

P
T, = sa/,tL FO3) 565 RS RE, (@ — Q3 (xp))y,dS. (B70)
P

T, is the torque exerted by the imposed flow stress, whereas Ty, is
the torque arising from body rotation. To evaluate the former, we
expand oy, as (29b) where only even terms contribute. Using (A1b)
and (30a)—(30d), we can evaluate (B7b) as

Ty = aJ (5/6)e(fSapq)Sapq &imj Ym C (95 — njn,)
Sp
X {aiﬁ(xp) +%vrvsa;;|xp + - ] n, dS
5 , 4 . 4
=3 ' Ge(f Sapq) €im {“ fn (Xp) (g Apgmnji — 1oz pqmnjk)

a? - 4 4
+ ? V,VSGk,, ‘Xp ﬁ qumnrséjk - % pgmnjkrs

Phys. Fluids 33, 112003 (2021); doi: 10.1063/5.0067895
Published under an exclusive license by AIP Publishing

33, 112003-14


https://scitation.org/journal/phf

Physics of Fluids

4 a* o
= 3 nat® Eipk 8<fszpq> (1 + 17 VZ) kg (Xp)

4
+ 1 71a°C & e(fSapq) VinVy ai; ‘x,,' (B8)
For deriving Eq. (B8), we have used Sy = 3nyn, — 6qu
&(fSapq)0pq = 0, and 0jmeimj = 0. Also notice that e;e(fSayq) opo
= alpka(fszpq)ZuEkq because eipie(f Szpg)p™Ogk = 0. As a result, (B8 %
becomes

8nua’® a_,
- 7(1 —32) &ipk &(f Sapq) (1 4V Ep; (%p)

4 ma®
71+3)

/
Ty =

——— &imk &(fS2pq) ViV akp| (B9)

As for Tp, given by (B7c), we can compute it as follows using
(Alc), (A1d), (30a), and (30b):

Top =sa(5/6)6" | {fSucd (3mun. — 62
Sp
X &ijk ¥j Okt (Ot — Mty )Empq (Qp — Q. (Xp) )y S

5
=5 nas(g28<f$2rs>8yk8mpq Q- Q;o (%p))

4 4
(15 Ars]qbkm - 105 qukm)

4
= — gnaS(gngjmgmpq (Qp — Q;o (xp)) 8<fSqu>
12nua2

For obtaining Eq. (B10), we have wused &(fS;pq)dpq =0,
EijmEmpg = OipOjqg — 0igOjp, and Op&imj = 0.

Combining (B9) and (B10) gives (39) that is written in terms
of P, = P<sz>
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