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Abstract Electro-osmotically driven displacement

between two solutions having a conductivity mismatch is

theoretically examined. Internal pressures induced by the

conductivity mismatch can affect the propagation of the

solution interface and the behavior of the transient current.

Combining Ohm’s law and fluid mass conservation, we

derive a coupled set of length-averaged equations

accounting for how the electric current and the traveling

distance of the solution interface vary with time, electric

field, and the solution conductivities. Extension to suc-

cessive displacements involving multiple solution zones is

made to reveal non-monotonic and stagewise changes in

transient currents. For the first time, critical roles of surface

conductance on displacements in highly charged channels

are unraveled. We show that if the lower conductivity

solution has a greater valence than the higher one, the

effective conductivity of the former can exceed that of the

latter when the channel height is below some critical value.

The resulting transient current behavior can turn opposite

to that usually observed in the large-channel case, offering

a new paradigm for gauging the importance of surface

conductance in submicron charged channels. Possible

impacts of diffusion smearing and hydrodynamic disper-

sion are also discussed by including the additional mixing

zone into the analysis. Having shown good agreement with

the existing experimental data, our analysis not only cap-

tures the natures of solution displacement by electro-

osmotic flow (EOF), but also extends the applicability of

the current monitoring method for measuring surface zeta

potentials of microchannels.

Keywords Electro-osmotic flow � Solution

displacement � Solution conductivity mismatch �
Transient current � Surface conductance �
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1 Introduction

Electro-osmotic flow (EOF) is the motion of an electrolyte

solution over a charged surface under the actions of an

applied electric field. The origin of this phenomenon lies in

the existence of the thin electric double layer of 1–100 nm

in thickness adjacent to the surface. This layer, in order to

neutralize the proximate surface charge, acquires excess

counterions from the bulk, behaving like a mobile charge

sheath near the surface. When an electric field E is applied,

it imparts an electric force to drive the fluid therein,

dragging the adjacent bulk along with it. In a macroscopic

point of view, the phenomenon would look like as if the

surface were sliding. This is EOF with the apparent slip

velocity U characterized by the well-known Smoluchowski

formula (Probstein 1994):

U ¼ �efE

g
; ð1Þ

where e and g are the permittivity and viscosity of the

electrolyte solution, respectively, and f is the zeta potential

of the surface.

As illustrated in Fig. 1, this study is motivated by the

use of EOF in displacing one solution by another with a

conductivity difference for measuring the surface zeta

potential of a uniformly charged channel (Huang et al.

1988; Ren et al. 2002; Sze et al. 2003). If the conductivity

difference is small, the interface between the solutions can

be kept flat by a nearly uniform flow and progress at a
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constant speed according to Eq. 1. This uniform sweeping

leads the partition between the solutions to vary at a con-

stant rate, giving a steady change in the electric resistance

over the channel. As the resulting electric current varies

linearly with time at the rate proportional to the displace-

ment speed, the surface zeta potential of the channel can be

readily determined by tracking the linear change in the

transient current during the displacement. This method has

been recently extended to measure the surface zeta

potentials of a composite microchannel (Kuo et al. 2008).

However, solution conductivity difference can cause

two effects. First, the electric fields in the solutions are not

equal, as required by Ohm’s law which states that electric

current density must remain constant throughout the

channel. Second, because surface zeta potential varies

inversely with solution conductivity (Kirby and Hassel-

brink 2004), it can have different values in the solutions.

These two effects combined lead to unequal EOF velocities

in the solutions. But fluid mass conservation entails that

additional pressures must be developed for assisting or

opposing the EOFs for maintaining a constant flow rate

across the channel depth. Such pressure flows can lead the

displacement speed to vary with position along the channel,

making the transient current no longer changed at a

constant rate. If this internal pressure effect were not

properly taken into account, there could be an inaccuracy

in the zeta potential measurement. It is therefore necessary

to quantify how the transient current and the displacement

speed are influenced by these effects due to the conduc-

tivity mismatch, which is the main theme of this article.

There are a number of studies on EOF-driven solution

displacement. Li and his coworkers considered an elec-

trolyte replacing process in a cylindrical microcapillary

(Arulanandam and Li 2000; Ren et al. 2002). They solved

the Poisson equation and the equation of motion to find the

electric potential distribution and the EOF velocity profile

in the radial direction of the capillary. The averaged flow

speed was then determined as functions of the zeta

potential, electric field, and the properties of the fluid. This

approach is essentially the same as that for deriving the

Smoluchowski formula. Monitoring the current changes in

these studies was merely used to find the displacement time

for determining the averaged flow speed, which is in the

same spirit as that of Huang et al. (1988). Ren et al. (2001)

later coupled the Poisson equation, the convection–diffu-

sion equation, and the Navier–Stokes equation to account

for interplay between the concentration distribution, the

electric potential distribution, and the fluid motion. Solving

these equations numerically, they were able to capture the

successive change in the transient current and found it in

good agreement with that measured by experiment. The

similar approach was also employed to study solution

displacement in a rectangular microchannel (Wang et al.

2007). In the study by Ren et al. (2003), an equivalent

circuit model was developed to elicit how the traveling

distance of the solution interface depends on the transient

current and the solution conductivities. Recently, a modi-

fied circuit model has also been proposed to characterize

the transient current behavior during a displacement in a

composite microchannel in which the solution interface is

advected obliquely by a linear EOF (Kuo et al. 2008).

While these previous studies did reveal some features

of solution displacement process, we feel that the roles of

solution conductivity difference in affecting the natures of

the displacement are somewhat less clear. For those using

the Smoluchowski-like approach (Arulanandam and Li

2000; Ren et al. 2002), the surface zeta potential was

assumed uniform everywhere—its difference in the two

solutions was not taken into account. In full numerical

studies (Ren et al. 2001; Wang et al. 2007), although the

models thereof are sophisticated enough to capture all the

relevant effects, one must rely on extensive simulations to

reveal the features of the systems; this approach cannot tell

explicitly how the current changes and how fast the solu-

tion interface travels during the process. The circuit model

did reveal how the extent of the displacement depends

on the transient current and the solution conductivities

(b)(a)

Fig. 1 Schematic illustration showing how a solution conductivity

difference influences the electric field (E), zeta potential (f), EOF slip

velocity (U), and fluid pressure (P) during an EOF-driven displace-

ment in a uniformly charged microchannel. a Illustrates the situation

when a higher conductivity solution displaces a lower one (r1 [r2),

and b corresponds to that when a lower conductivity solution

displaces a higher one (r1 \r2)
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(Ren et al. 2003). And yet, the influence of the induced

pressure flow on the interface movement was not brought

out, though it did contribute to part of the result.

In this work, we would like to complement previous

studies by clarifying the roles of solution conductivity dif-

ference in EOF-driven solution displacement. In particular,

we would like to look at potential impacts on the current

monitoring method for measuring surface zeta potentials.

Our aim is to develop a simple analytical approach for

revealing essential physics of the displacement. To do so, we

take advantage of the fact that the double layer is much

thinner than the channel depth, so that electrostatic body

forces within the double layer are simply transmitted into the

slip velocity to drive the bulk flow outside the double layer,

rendering the well-known Smoluchowski formula as the

effective boundary condition to drive the bulk flow. In

addition, because of the persisted Poisson–Boltzmann

equilibrium across the double layer, electroneutrality can be

maintained in most portions of the fluid. Consequently, the

solutions are always sweeping at the respective Smolu-

chowski slip velocities over the surface and the electrolyte

concentration remains virtually unchanged across the chan-

nel depth. This simplification not only enables us to take a

global balance for the electric current (i.e., Ohm’s law), but

also allows us to analyze the fluid transport without having to

resolve the ion concentration distribution in detail. That is, in

addition to the equation governing the electric flow for

maintaining electroneutrality, there will be an analogous

equation that takes into account internal pressure effects to

describe how the solution interface propagates according to

fluid mass conservation. Such an approach has been widely

used in analyzing various EOF systems, including EOF in

channels with non-uniform zeta potentials or/and varying

cross sections (Herr et al. 2000; Ghosal 2002; Brotherton and

Davis 2004), sample stacking processes (Chien and Burgi

1992, Devasenathipathy et al. 2007), and electro-osmotic

pumping (Chien and Bousse 2002; Takamura et al. 2003).

The article is organized as follows. In Sect. 2, we will

scrutinize both the electric flow and the fluid transport

problems, and derive a coupled set of equations for the

transient current and the traveling distance of the solution

interface to elucidate the natures of the displacement. An

alternative but much simpler way to derive the equation

governing the motion of the solution interface will also be

given based on the electrics-hydrodynamics similitude. In

Sect. 3, we apply the derived equations to quantify how the

transient current and the position of the solution interface

vary with time and the solution conductivities. Section 4 is

to extend the present framework to successive displace-

ments involving multiple solution zones for illuminating

piecewise changes in transient currents. In Sect. 5, we put

forth to explore effects of surface conductance. The result

will be highlighted by the current flipping phenomenon

when displacing polyvalent electrolytes in highly charged

channels. Possible impacts from diffusion smearing and

hydrodynamic dispersion will be discussed in Sect. 6. In

Sect. 7, we discuss the applicability of our analysis and

compare our results with the existing experimental data.

The article is finally concluded in Sect. 8.

2 Electric flow and fluid transport

As depicted in Fig. 1, consider a solution displacement

involving two solutions of different conductivities in a

uniformly charged channel of length L and height H. The

process begins with one solution of conductivity r2 filled in

the entire channel. Upon an EOF being set off by a voltage

V0, the other solution of conductivity r1 then enters the

channel to push the solution ahead of it. This displacement

process can be carried out by either displacing the lower

conductivity solution with the higher one or another way

around, as illustrated, respectively, in Figs. 1a and b.

Suppose that the displacement is sufficiently fast. So the

interface can be thought of as a sharp front sweeping through

the channel without being significantly smeared by diffu-

sion. Specifically, the condition for neglecting diffusion can

be realized if the broadening extent of the solution interface,

b, due to diffusion is much smaller than the length of the

channel during the displacement time s� L=U : b�ðDsÞ1=2

� L or b=L�PeL
�1=2 � 1, where PeL = UL/D is the axial

Peclet number with U being the scale of the displacement

speed and D the ionic diffusivity. We further make a sup-

position that the interface is flat and advected by the local

plug flow therein. Below, we will make use of this local plug

flow picture to derive equations governing the electric flow

and fluid transport during the displacement. This supposition

will be justified a posteriori.

For the electric flow, we demand a constant current

density across the channel depth for assuring no net charge

accumulation everywhere in the bulk (except for thin

electric double layers near the channel walls):

r1E1 tð Þ ¼ r2E2 tð Þ ¼ I tð Þ; ð2Þ

where E1 and E2 are the respective electric fields in the

displacing phase and the displaced phase. Let xf be the

traveling distance of the solution interface. Because the

potential drop over the channel is DV1 þ DV2 ¼ V0 with

DV1 ¼ E1 xf and DV2 ¼ E2ðL� xf Þ, the apparent electric

field E0 � V0=L turns out to be the length average of the

electric fields in the two solutions:

xf

L

� �
E1 þ 1� xf

L

� �
E2 ¼ E0: ð3Þ

Combining Eqs. 2 and 3 yields the well-known Ohm’s law:

I = V0/R. Here, the overall resistance R over the channel
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can be viewed as the two bulk resistors in series:

R = R1 ? R2 with R1 ¼ xf =r1 and R2 ¼ ðL� xf Þ=r2. It

can again be re-written in the length-averaged form:

R ¼ xf

L

� �
R1L þ 1� xf

L

� �
R2L; ð4Þ

where RiL = L/ri is the resistance when the channel is

completely filled with solution i. Applying Ohm’s law, we

arrive at the following equation determining the transient

current during the displacement:

I

I2

¼ 1

1þ c� 1ð Þ xf

L

� �; ð5Þ

where I2 = r2V0/L is the current before the displacement

and c = r2/r1 is the conductivity ratio.

Now, we consider the flow problem. The EOF slip

velocities in the solutions are given by

U1 tð Þ ¼ m1E1 and U2 tð Þ ¼ m2E2; ð6Þ

where mi � �efi=g is the EOF mobility for each phase and

generally a decreasing function of ri (i = 1, 2). Replacing

Ei = I(t)/ri according to Ohm’s law, the EOF slip velocity

can be re-written as Ui ¼ mi I=ri. The velocity ratio U1/

U2 = bc can therefore be expressed in terms of the

mobility ratio b ¼ m1=m2 ¼ f1=f2 and the conductivity ratio

c = r2/r1 (=(k1/k2)2 with ki being the double layer thick-

ness of solution i). According to the Gouy–Chapman the-

ory, how the zeta potential varies with the double layer

thickness is given by sinhðzef=2kBT
_

Þ ¼ zekEs=2kBT
_

(Hunter 1992), where Es = qs/e is the surface field arising

from the surface charge density qs, kBT
_

=e (=25 mV) the

thermal energy per unit charge, and z the valence of the

electrolyte (which is assumed of symmetric type). For low

zeta potential j f j� kBT
_

=ze, the linear dependence of the

zeta potential on the double layer thickness f � kEs /
r�1=2 leads to b = c1/2 and U1/U2 = c3/2. On the other hand,

for high zeta potential j f j [ kBT
_

=ze, the dependence of

the zeta potential on the double layer thickness turns to

be j f j� ðkBT
_

=zeÞ lnðkze j Es j =kBT
_

Þ. Since f1=f2 ¼
1þ lnðc1=2Þ=lnðk2ze j Es j =kBT

_

Þ or 1=½1� ln c1=2
� �

=

lnðk1ze j Es j =kBT
_

Þ��1
, we can say b & 1 and U1/U2 & c

if lnðkze j Es j =kBT
_

Þ is much larger than |ln(c)|/2. This

scenario is valid if the surface is highly charged and the

conductivity difference is not too great. In either limit, the

EOF slip velocity is faster (slower) in a lower (higher)

conductivity solution. As these two limits suggest that f
varies with powers between -1/2 and 0 in r, we assume

that the dependence of the mobility ratio on the conduc-

tivity ratio follows a power law: b = cn-1 with 1 B n B 3/

2, and so the velocity ratio U1/U2 = cn.

As required by fluid mass conservation, such a slip

velocity difference must induce a forward (backward)

pressure flow in the higher (lower) conductivity region to

compensate (offset) the lower (higher) flow rate created by

the EOFs. Below we analyze the flow field by including the

induced pressure flow and then apply it together with Eq. 4

to determine the transient current during the displacement.

Since the flow is unidirectional, the horizontal velocity

u in either solution region can be determined by the

equation of motion through the balance between the

induced pressure gradient and the viscous stress:

0 ¼ �oP

ox
þ g

o2ui

oy2
; ð7Þ

subject to boundary conditions ui y ¼ 0ð Þ ¼ ui y ¼ Hð Þ ¼
Ui tð Þ. The solution is given by

ui ¼
1

2g
oP

ox
y2 � yH
� �

þ Ui; ð8Þ

The flow rate (per unit length) across the channel depth is

Q ¼
ZH

0

uidy ¼ �H3

12g
oP

ox
þ HUi: ð9Þ

This constant flow rate condition is used to determine the

pressure distribution in each solution region, yielding

P1ðxÞ ¼ Pðx ¼ 0Þ þ 12g
H3

U1H � Qð Þx; ð10aÞ

P2ðxÞ ¼ Pðx ¼ LÞ þ 12g
H3

U2H � Qð Þ x� Lð Þ: ð10bÞ

In the case of displacing the lower conductivity solution,

because U2/U1 [ 1, the induced pressure flow must be

forward (Q [ U1H) in the displacing phase and backward

(Q \ U2H) in the displaced phase in order to maintain a

constant flow rate across the channel depth. As a result, the

pressure must drop in the displacing phase, reach a

minimum at the solution interface, and then rise in the

displaced phase. Similarly, for displacing the higher

conductivity solution, there will be a pressure maximum

at the interface. Note that there exists a hydrodynamic

transition zone near the interface, which allows the

parabolic velocity profile in one phase to gradually

evolve into that in the other. Therefore, the flow in the

transition zone is not unidirectional (but it does not re-

circulate—re-circulation appears when looking at the

system in the frame moving with the interface). The

situation here is quite similar to the usual entrance flow

problem, but the difference is that the transition zone

moves along with the interface. The width of the transition

zone can be estimated as *H � Re (Deen 1998), where

Re = qUH/g is the Reynolds number of the flow with q
being the density of the fluid. Because Re is typically small,

the transition zone actually merely occupies a small

fraction of the channel, i.e., H � Re � L. In other words,

the non-parallel flow near the interface is merely confined
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within the very narrow transition zone. Therefore, for

places sufficiently away from the transition zone, the flow

field is fully developed and unidirectional, as considered in

the present analysis. If looking at the flow behavior over a

large length scale without seeing the detailed flow in the

narrow transition zone near the interface, we can say that

the flow is unidirectional in most of the channel. And this

not only allows us to simplify the problem, but also aids in

revealing physics underlying the displacement.

Neglecting the transition zone, the two pressures must

match at the interface, x = xf(t). In addition, the end

pressures must be equal, viz., P(x = 0) = P(x = L);

otherwise there will be a net flow in the absence of electric

fields. Applying these two conditions to Eqs. 10a and 10b,

we find

Q ¼ xf
H

L

� �
U1 � U2ð Þ þ U2H: ð11Þ

Fluid mass conservation further entails that the solution

interface must travel at the mean velocity of the flow:

dxf

dt
¼ �U � Q

H
: ð12Þ

Substitution of Eq. 12 into Eq. 11, we arrive at the

following equation governing the propagation of the

solution interface:

dxf

dt
¼ xf

L

� �
U1 þ 1� xf

L

� �
U2; ð13Þ

indicating that the displacement speed is essentially the

length average of the two slip velocities according to the

extent of the displacement. Note that the form of Eq. 13 for

the displacement speed is identical to that of Eq. 3 for the

apparent electric field. This is not coincident in view of the

fact that both electric field and fluid flow are divergence-

free—there is an analogy between electrics and hydrody-

namics. In fact, this electrics–hydrodynamics similitude

actually offers a simpler way to derive Eq. 13 without

having to solve the flow field. In the analogy to Ohm’s law

for electric flow, the flow rate driven by a pressure DP over

length L0 is Qp = DP/(L0/K) where L0/K is the flow resis-

tance, and K can be thought of as the mobility of the fluid

similar to the role of conductivity in electric flow. Com-

bining the flow rate from the EOF, we can establish a

relationship between the total flow rate and the pressure

drop for each solution region: Q = UiH ? KDPi/Li (i = 1,

2). Written in terms of the mean flow velocity that must be

equal for both solution regions, it reads �U ¼ kDP1=

xf þ U1 ¼ kDP2= L� xf

� �
þ U2, where k = K/H. Since

there is no net pressure across the channel DP1 ? DP2 = 0,

this condition together with the above velocity–pressure

relationship yields �UL ¼ xf U1 þ L� xf

� �
U2, which is

Eq. 13.

We now make use of Eqs. 2 and 5 to write Eq. 13 in

terms of I(t):

dxf

dt
¼ U20 1þ bc� 1ð Þ xf

L

� �h i I

I2

� �
; ð14Þ

where U20 = m2 E0 is the EOF velocity when the channel is

completely filled with the displaced phase.

Equation 14 suggests that the movement of the interface

can be characterized by different velocity scales, depend-

ing on c. For c � 1, the characteristic velocity is U20 I/

I2 = U2, and hence the interface is led by the lower con-

ductivity displaced phase. Similarly, for c 	 1 the inter-

face is pushed by the lower conductivity displacing phase

with the velocity scale U20 bc I/I2 = U1. In other words,

the fluid motion is controlled by the solution with the faster

EOF slip velocity. Alternatively, because U2/U1 = c-n

(with n = 3/2 for low zeta potential or n = 1 for high zeta

potential), the interface is advected primarily by the lower

conductivity solution, as can be seen more directly from

Eq. 13. This is actually similar to the fact that the electric

flow is dictated by the lower conductivity solution (cf.

Eq. 4), as borne out by the electrics–hydrodynamics

analogy.

Finally, we would like to justify the locally uniform

displacement supposition made in the beginning of this

section. This supposition involves two assumptions: (i) the

solution interface is flat and remains sharp, and (ii) the

interface is advected by a plug flow at the mean flow

velocity. However, one might think that the interface could

be distorted by the induced pressure flow to one way or the

other on either side of the interface. It is not obvious that

the interface must travel according to the ways assumed

above. Below, we argue that such a locally uniform

sweeping is actually the only physically allowable way to

advance the interface.

At the interface, the pressure reaches a maximum/min-

imum at which the pressure gradient vanishes (within the

narrow transition region). So there is no curvature for the

local velocity profile. As the flow field is symmetric with

respect to the centreline, the only admissible velocity

profile across the front is uniform. In other words, despite

the existence of the induced pressure flow, the flow field at

the interface’s position is locally uniform (but can vary

with time). It follows that the interface will always remain

flat when it starts, and will travel at the mean flow velocity

given by Eq. 12. This also justifies the use of Eq. 2 for the

electric flow.

As such, Eqs. 5 and 14 constitute a coupled set of

equations for the electric current and the traveling distance

of the solution interface. Although a similar set of equa-

tions have been derived previously, the efforts were merely

focused on modeling sample stacking processes (Chien and

Burgi 1992; Devasenathipathy et al. 2007). Here, we derive
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these equations for revealing explicitly how solution con-

ductivity difference comes into play in the displacement.

Below, we will apply them to quantify how the transient

current and the traveling distance of the solution inter-

face vary with time, electric field, and the solution

conductivities.

3 Analytical solution and asymptotic results

In this section, we seek the solution for Eqs. 5 and 14. Let

X = xf/L, J = I/I2, and T = t/s with s = L/U20 being the

characteristic flow time scale based on the velocity in the

displaced phase. Then Eqs. 5 and 14 can be re-written in

the dimensionless form:

J ¼ 1

1þ aX
; ð15Þ

dX

dT
¼ 1þ xXð ÞJ; ð16Þ

where a = c - 1 and x = bc - 1 = cn - 1 measure the

relative difference between the resistances and that between

the velocities of the two solutions, respectively. Note that in

the special case of n = 1 (in the high zeta potential regime),

we have b = 1 and a = x, and hence dX/dT = 1 from

Eqs. 15 and 16. In this case, the displacement speed will

always maintain a constant regardless of c.

Substituting Eq. 15 into Eq. 16 and integrating it with

X(T = 0) = 0, we find

1� a
x

� �
ln 1þ xXð Þ þ aX ¼ xT: ð17Þ

Writing Eq. 17 in terms of J with Eq. 15, we can also

obtain the solution for J:

1� a
x

� �
ln 1þ x

a
J�1 � 1
� �� �

þ J�1 � 1 ¼ xT : ð18Þ

Solving for X and J from Eqs. 17 and 18, the displacement

speed can be readily evaluated using Eq. 16. Here, we

retain a and x without writing them in terms of c in order

to distinguish their respective contributions in determining

the behavior of the solution. As such, with the aid of

Eqs. 17 and 18, for given c, we are able to reveal quanti-

tatively how both J and X vary with time.

To illuminate how solution conductivity difference

influences the natures of the displacement, we asymptoti-

cally examine three different cases: (i) c & 1 when the two

solutions’ conductivities are nearly matched, (ii) c � 1 for

the displacement by a very high conductivity solution, and

(iii) c 	 1 for the use of a very low conductivity solution

in advancing the displacement. Note here that we vary c via

changing r1 while keeping r2 fixed.

3.1 Case (i): c & 1

Since the zeta potential here is nearly constant (b & 1), all

the logarithm terms are dropped out in Eqs. 17 and 18. We

recover the usual results for the uniform displacement

scenario:

J � 1þ c� 1ð ÞTð Þ�1; ð19Þ
X � T; ð20Þ

Note that in Eq. 19, the (c - 1) term has to be retained

to capture the current change arising from the conductivity

difference. Equation 19 indicates that the resistance

(� J-1) varies linearly with time. This is evident, since

the interface travels at a constant speed in a steady, uniform

EOF, as revealed by Eq. 20. In this case, induced internal

pressures do not affect the results until O((c - 1)2). It

follows, therefore, that in the zeta potential measurement,

the relative error caused by the conductivity mismatch is

O((c - 1)2). Because |c - 1| � 1, Eq. 19, written back to

the dimensional form, can be approximated as I & I2

(1 - (c - 1)(t/s)) with s = L/U. As U is proportional to

the zeta potential, the approximated form above provides a

simple relationship between the zeta potential and the

transient current. This furnishes the basis of the current

monitoring method for measuring the surface zeta

potentials of charged channels, as commonly employed

in practice.

Note that Eqs. 19 and 20 are not limited to the case for

small conductivity difference considered here. They are

also applicable to the system whose conductivity differ-

ence is not small but zeta potential is high. As mentioned

in Sect. 2, as long as the surface field is sufficiently high

that lnðkze j Es j =kBT
_

Þ is much larger than |ln(c)|/2, the

zeta potentials in the two solutions will not differ sig-

nificantly. In this case, setting b = 1, will give the

identical result, despite the presence of the induced

pressure flow. We also carry out direct numerical simu-

lations using a commercial package (CFD-ACE?, version

2004) to confirm Eq. 19 under the constant zeta potential

condition. Figure 2 shows that for various values of c all

the data can be collapsed into a single curve according to

Eq. 19. The significance of this finding is that the use of

Eq. 19 in the current monitoring method for measuring

zeta potentials is not limited to systems with small con-

ductivity differences. For those having high zeta poten-

tials, as often encountered in microfluidic devices, the

zeta potentials can still be accurately measured without

having to worry about the effects of the induced pressure

flow. In addition, it allows one to use solutions having a

larger conductivity difference for rendering a greater

change in the transient current.
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3.2 Case (ii): c � 1

In this case, the fluid is displaced by a very high conduc-

tivity solution. To find the correct asymptotic behavior for

J and X, it is not possible to simply take the c ? 0 limit for

Eqs. 17 and 18. Instead, it requires careful inspections on

the original set of Eqs. 15 and 16. First of all, we inspect

Eq. 15 after substitution of a = c - 1:

J ¼ 1þ c� 1ð ÞXð Þ�1:

For c � 1, the above equation indicates that the current

increases as the interface moves and climbs rapidly when

the interface approaches the exit of the channel, i.e.,

J (X ? 1) ? c-1. Neglecting c, we find

J � 1� Xð Þ�1; ð21Þ

which will become unbounded as X ? 1. At first glance,

such a singular behavior seems unphysical, but it is not.

This is because decreasing c here means increasing the

conductivity of the displacing phase, while keeping the

conductivity of the displaced phase fixed. At the end of

the displacement, the channel is filled with the higher

conductivity displacing phase. Therefore, an unlimited

increase in its conductivity (c ? 0) will raise the current

indefinitely.

As for Eq. 16, it can be re-written in the approximated

form below by incorporating J & (1 - X)-1 in the c ? 0

limit and keeping the terms up to O(c):

dX

dT
¼ 1þ b� 1ð ÞcXJ � 1� cX

1� X
: ð22Þ

So, during most of the displacement, the interface’s speed

will be slightly lower than its initial value and decrease as

the interface travels, except near the exit where the speed

will decline very rapidly. Solving Eq. 22, we obtain the

asymptotic solution for X:X - c ln (1 - X) = T. The

corresponding current and interface speed can then be

found by substituting the above into Eqs. 21 and 22.

In Fig. 3, we plot both electric current and displacement

speed as functions of time for various values of c\ 1. At a

sufficiently small c, the asymptotic results are shown to be

in excellent agreement with the exact ones calculated by

Eqs. 17 and 18. Hence, the analysis here can indeed reveal

the features for this limiting scenario. In Fig. 3b, the

traveling speed for small c seems to behave differently

compared to others. This can be explained by considering

three scenarios: c & 1, non-small c\ 1, and c � 1. For

c & 1, it is clear that the interface’s speed remains con-

stant U2 throughout the displacement. As for non-small

c\ 1, it corresponds to the displacement by a higher

conductivity solution. In this case, because the channel will

be progressively filled by the higher conductivity solution

in which the slip velocity is slower, the interface’s speed

will gradually decrease as it moves. When c � 1, how-

ever, the interface movement is dominated by the very fast

slip velocity U2 in the very low conductivity displaced

phase. So its speed will be kept nearly as U2, except near

the exit where the speed declines very rapidly to U1.

Because the interface speed is constant for c & 1, gradu-

ally decreases with position for non-small c\ 1, and then
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Fig. 2 Collapse of numerically simulated transient current data verse

time for the constant surface zeta potential case. All the data with

various conductivity ratios are collapsed into a universal curve

according to J = (1 ? (c - 1)T)-1. The inset displays the original

data before collapsing them. The data for c = 4 appears slightly

deviated from the others. The reason is that in the simulations

molecular diffusion always exists to smear the solution interface.

Such smearing can be further enhanced by hydrodynamic dispersion

caused by the induced pressure flow. The larger c, the stronger the

pressure flow and hence the dispersion
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Fig. 3 Dependence of a the transient current J and b the displace-

ment speed dX/dT on time T for displacement toward a lower

conductivity solution (c\ 1) when b = c1/2. The asymptotic results

(symbols) for c � 1 are evaluated at c = 0.001
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turns nearly unchanged during the displacement (except

near the exit) for c � 1, these features imply that how the

behavior of the interface speed varies with c is not

monotonic, which explains the crossovers between the

transient current curves shown in Fig. 3b.

3.3 Case (iii): c 	 1

Here, we look at the scenario where a very low conduc-

tivity solution is used as the displacing phase. Since we

restrict our attention to the thin double layer scenario with

k2/H � 1 and k1/H = (k2/H) c1/2 � 1, the constraint

c � (k2/H)-2 must be imposed, where k1 and k2 are the

respective double layer thicknesses for the displacing phase

and the displaced phase. We again derive the asymptotic

forms for Eqs. 15 and 16 at large c:

J � 1þ cXð Þ�1: ð23Þ
dX

dT
� 1þ cnXJ: ð24Þ

In Eqs. 23 and 24, although c 	 1, we retain ‘‘1’’on the

right-hand side in order to ensure J = 1 and dX/dT = 1 at

T = 0 (because X = 0 in both Eqs. 15 and 16).

Substituting Eq. 23 into Eq. 24, we can solve for X from

Eq. 24, and hence J from Eq. 23. The results (with n [ 1)

are

ln 1þ cn�1 J�1 � 1
� �� �

þ J�1 � 1
� �

¼ cnT ; ð25Þ

ln 1þ cnXð Þ þ cX ¼ cnT: ð26Þ

How dX/dT varies with T can then be determined by

substituting Eqs. 25 and 26 into Eq. 24. Note that the

logarithm terms in Eqs. 25 and 26 will not exist if one

solves Eqs. 23 and 24 at leading order in c (by dropping

‘‘1’’ on the right-hand side). To aid in understanding these

asymptotic results, we inspect relevant scales below. First

of all, since the total resistance is dominated by a very low

conductivity displacing phase and varies as *c, the current

will drop like J * c-1 soon after the displacement starts,

as revealed by Eq. 23. Since the fluid transport is also

controlled by the displacing phase via dxf/dt * U1 =

m1E1 � r1
-n I or dX/dT * cnJ from Eq. 24, this in con-

junction with J * c-1 and X * O(1) suggests that the

displacement time will become very short: T * c-(n-1), as

also revealed by Eq. 26 (in the form without the logarithm

term). With T * c-(n-1), the scaling J * c-1 is also

consistent with Eq. 25 (in the form without the logarithm

term). Figure 4 displays how the transient current and

displacement speed vary with time for various values of

c[ 1. We also find that the asymptotic solution is in

excellent agreement with the exact solution for a suffi-

ciently large c. It is clear that the larger c, the closer the

asymptotic solution will be compared to the exact solution,

since the deviation of the former to the latter is O(1/c).

4 Extension to displacement involving multiple

solution zones

Our analysis can also be extended to the situation involving

more than two solutions. This can simply be realized by

generalization of Eqs. 3 and 13 by taking the length

average on the local electric fields (or the solution resis-

tances), and the EOF slip velocities involved—the conse-

quence of the electrics–hydrodynamics analogy. For a

system containing N different solution zones, the electric

current and the mean flow velocity can be shown to have

the following forms:

I ¼ V0

XN

i¼1

fiRiL

 !�1

; ð27Þ

�U ¼
XN

i¼1

fiUi; ð28Þ

where RiL = ‘i/r i is the resistance in zone i of length ‘i and

conductivity ri, and fi = ‘i/L is the corresponding length
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Fig. 4 Dependence of a the transient current J and b the displace-

ment speed dX/dT on time T for displacement toward a higher

conductivity solution (c[ 1) when b = c1/2. Circle and triangle
symbols are the c 	 1 asymptotes evaluated at c = 10 and c = 100,

respectively
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fraction occupied in the channel. Let xij be the position of

the interface between zone i and zone j. Then all the

interfaces must move at the identical speed dxij=dt ¼ �U to

satisfy fluid mass conservation. Using Eqs. 27 and 28, one

can model electric flow and fluid transport for any dis-

placement process containing an arbitrary number of

solutions in series. To illustrate the features of such a

process, we take a three-solution system as a case study

below.

Initially, the system is filled with solution 3. Upon the

displacement being set off by an electric field, solution 2

enters the channel first and then solution 1. From Eq. 27,

the transient current is

J ¼ 1

c31X12 þ c32 X23 � X12ð Þ þ 1� X23ð Þ ; ð29Þ

where J = I/I3 is the current scaled by I3 = r3V0/L,

c31 = r3/r1 and c32 = r3/r2 are the conductivity ratios,

and X12 = x12/L and X23 = x23/L are the displacement

distances of the two solution interfaces normalized by

the channel length. The corresponding fluid transport

equation is

dXij

dT
¼ c31b1X12 þ c32b2 X23 � X12ð Þ þ 1� X23ð Þð ÞJ; ð30Þ

where Xij can be either X12 or X23, bi = mi/m3 (i = 1, 2) the

mobility ratios, and T = t/s with s = L/(m3 E0).

Equations 29 and 30 can be used to describe a process

involving successive displacements in which there are no

more than three solutions staying within the channel. When

the process involves only two solutions, the above equations

with X12 = 0 or X12 = X23 reduce to Eqs. 15 and 16 for two-

solution systems. If all the three solutions stay in the channel,

since the interfaces are traveling at the same speed, the length

of the middle solution zone will be invariant with time (i.e.,

X23 - X12 = constant) until its leading edge exits the

channel. In this case, the middle zone acts like a plug, con-

tributing an additional resistance to the electric flow, but

increasing the mobility of the fluid flow according to Eqs. 29

and 30: J = (c31X12 ? R0 ? (1 - X23))-1 and dXij/dT =

(c31b1X12 ? b2R0 ? (1 - X23))J with R0 = c32(X23 - X12)

= constant. For given lengths of the solutions, Fig. 5 shows

transient current responses for a variety of solution

arrangements. It reveals that transient currents in these sys-

tems can undergo non-monotonic and stagewise changes,

depending on the conductivity ratios of these solutions.

5 Effects of surface conductance

For a highly charged surface immersed in an electrolyte

solution (especially containing multivalent ions), more

counterions will be condensed onto the surface, forming a

compact charge layer much thinner than the diffuse Debye

layer. These condensed counterions increase the conduc-

tivity of the double layer, making it more conducting than

the bulk if the surface charge is sufficiently high. As this

condensed charge layer acts like a thin conducting sheet

overlaying the surface, it contributes an extra surface cur-

rent to the electric flow, creating the so-called surface

conductance effect that can increase the apparent conduc-

tivity of a solution (Dukhin and Derjaguin 1974). In other

words, the situation looks like two resistors in parallel: one

is the lower conductivity bulk resistor having a large cross-

sectional area, and the other is the higher conductivity

surface layer of a much narrower current passage.

As a result, the total current due to enhancement by

surface conductance Ks reads

I ¼ rEAþ KsES ¼ r 1þ KsS=rAð ÞEA: ð31Þ

Here rEA is the Ohmic current passing through the cross

sectional area A and KsES is the excess surface current

around the perimeter S of the channel. Combining these

two contributions gives the effective conductivity

r(1 ? KsS/rA). For a two-dimensional channel whose

width W is much larger than the channel height H, the area-

to-perimeter ratio A/S & H/2. In this case, the effective

conductivity can be approximated as

reff ¼ r 1þ Ks

rA=S

� �
� r 1þ 2Ks

rH

� �
¼ r 1þ 2Duð Þ:

ð32Þ

Here the Dukhin number, Du = Ks/rH, measures the

magnitude of the conductivity enhancement relative to the

bulk conductivity. As contributions to the system’s con-

ductivity actually involve the Stern layer conductivity (due

to bound charges), the diffuse layer conductivity, and the

bulk conductivity, how the system’s conductivity is

determined by these conductivities would depend on the

surface zeta potential, the thickness of the diffuse layer,

and the size of the Stern layer, as can be revealed by

analyzing the behavior of the streaming potential in a

charged channel (Das and Chakraborty 2010). Effects at

the atomic level, such as ion correlation (Kjellander 2009)

and steric effects (Borukhov and Andelman 1997), could

also come into play to modify the structure of the double

layer, depending on interactions between compacted

charges and the size of these charges. Nevertheless, as it is

the collapsed charge layer within the diffuse Debye layer

contributing to most of the surface conductance, in what

follows we exclude the contributions from the Stern layer

and ion size effects to see how this layer impacts the dis-

placement in a highly charged channel.

We start with the following relationship that links the

Dukhin number to the zeta potential (Lyklema 1995):
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Du ¼ Ks

rH
¼ 2k

H
cosh

zef

2kBT
_

 !
� 1

" #
; ð33Þ

where k ¼ ekBT
_

=2z2e2C1

� �1=2

¼ ðDe=rÞ1=2
is the thick-

ness of the Debye layer, with C? being the electrolyte

concentration, r the conductivity, z the valence of the

electrolyte (which is assumed symmetric), and D the ionic

diffusivity. How the zeta potential depends on the Debye

layer thickness k and the surface charge density qs of the

surface can be determined by the Gouy–Chapman theory

(Lyklema 1995):

sinh
zef

2kBT
_

 !
¼ sign qsð Þ

k
2d
; ð34Þ

where d = ekBT
_

=ze qsj j is the Gouy–Chapman length

measuring the thickness of the collapsed layer—the

higher f, the thinner d (provided that the surface charge

density qs is constant since a charged surface is usually

covered by a fixed number of ionizable groups). With the

aid of Eq. 34, the Dukhin number defined by Eq. 33 can be

re-expressed in terms of ratios between relevant length

scales:
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Fig. 5 Stagewise transient

current responses in successive

displacements involving three

solution zones at X23 -

X12 = 0.5 and b = c1/2. The

figures on the right are to

illustrate different stages during

a displacement. Various

behaviors are observed,

depending on the conductivity

ratios c31 = r3/r1 and c32 = r3/

r2 between the solutions.

a c31 [ c32 [ 1,

b c32 [ c31 [ 1, c c32 [ 1 and

c31 = 1, d c32 [ 1 [ c31,

e 1 [ c32 [ c31;

f 1 [ c31 [ c32; g c32 \ 1 and

c31 = 1, and h c31 [ 1 [ c32. In

e, the value of J at the end of the

displacement looks greater than

those in the others. It is because

we choose c31 = r3/r1 = 0.25

here, the current at the end of

the displacement must be four

times that at the beginning of

the displacement
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Du ¼ Ks

rH
¼ 2k

H

k
2d

� �2

þ1

 !1=2

�1

2
4

3
5 � k

d

� �2 d
H

� �
;

ð35Þ

wherein k/d is generally large. As a result, the effective

conductivity increases as the channel height is decreased,

since the conducting collapsed layer sheet becomes rela-

tively thicker. Equation 35 also indicates that surface

conductance can be negligible if Du � 1 for low f (large

d) or small k/H. If the channel is small and highly charged

such that Du C 1, reff could become significantly larger

than the native value r. For instance, consider a channel

with k/H = 0.1 and f * 100 mV in a divalent electrolyte

solution (z = 2). k/d is about 55 estimated from Eq. 34,

and hence Du & 5.5 from Eq. 35, giving rise to a signif-

icant increase in the effective conductivity: reff & 12r, as

given by Eq. 32.

We now examine how surface conductance influences

the features of the displacement. As the effective conduc-

tivity can increase with surface conductance in either

solution, we inspect the actual conductivity ratio to see if

the behavior of the transient current can undergo qualita-

tive changes due to surface conductance effects. By

replacing the native conductivities with the effective ones

and making use of Eq. 32, the actual conductivity ratio

cactual = reff 2/reff 1 reads

cactual ¼ c
1þ 2Du2

1þ 2Du1

¼ c
1þ 2 k2=dð Þ2 d=Hð Þ
1þ 2c k2=dð Þ2 d=Hð Þ

; ð36Þ

in which Du1 = c Du2 because of k1 = k2c
1/2. Obviously,

for H ? ?, cactual ? c, as it must be. In the H ? 0 limit,

we find cactual ? 1. We also observe that for c[ 1, cactual/

c\ 1 and decreases as H is decreased, whereas for c\ 1,

cactual/c[ 1 and increases when reducing H. But in either

case (cactual - 1) will never change the sign, as can be seen

from Eq. 36 in the alternative form: cactual = 1 ? (c - 1)/

(1 ? 2c(k2/d)2(d/H)). As such, although the effective

conductivities of both the solutions can be increased by

surface conductance effects, this does not change their

numerical order. Hence, the behavior of the transient cur-

rent will not alter qualitatively.

The conclusion drawn above is based on the use of the

same electrolyte. No qualitative change in the behavior of

transient current in such a case can be attributed to the fact

that the effective conductivities of the two solutions

increase with surface conductance at an equal rate, making

(cactual - 1) never change the sign. Therefore, to render the

sign change of (cactual - 1) so as to change the trend of

transient current, one might require unequal increments in

the effective solution conductivities, which can only be

realized when the solutions have different valences

(provided that the surface charge density is fixed). To see

this, we notice in Eq. 35, together with the Gouy–Chapman

length d ¼ ekBT̂=ze qsj j, that for given surface charge den-

sity and solution conductivity, Du is proportional to the

solution’s valence z. So, the rise of the effective conduc-

tivity of a polyvalent solution by surface conductance can

become more apparent than that of a monovalent solution

at the same ionic strength. As this effect can be enhanced

by decreasing the bulk conductivity and by lowering the

channel height, one can imagine that if the lower conduc-

tivity solution has a greater valence than the higher con-

ductivity solution, the effective conductivity of the former

could rise more quickly than the latter as the channel height

is decreased. At the point where the effective conductivity

of the lower conductivity solution exceeds that of the

higher one, the transient current will be turned over and

become opposite to those usually seen in large channels.

To see how such a turnover event occurs and to illu-

minate how the electrolyte valences modify the actual

conductivity ratio, we let v : d2/d1 = z1/z2, and rewrite

Eq. 36 by substituting Du1 = cvDu2:

cactual ¼ c
1þ 2Du2

1þ 2cvDu2

¼ c
1þ 2 k2=d2ð Þ2 d2=Hð Þ

1þ 2cv k2=d2ð Þ2 d2=Hð Þ
: ð37Þ

Because cactual (H ? ?) ? c but cactual (H ? 0) ? v-1,

we find that for c[ 1 and v[ 1, cactual [ 1 can turn to be

\1 at a sufficiently small H. Similarly, for c\ 1 and

v\ 1, cactual \ 1 can switch to[1 when H is decreased to

a certain value. That is, (cactual - 1) can now change the

sign, making the transient current behavior turned the

opposite to that in a large channel. At the critical state

where cactual = 1, the transient current remains constant

throughout displacement. So there must exist the critical

channel height H* (or the critical Dukhin number Du2*)

below (beyond) which the transient current can be flipped

by surface conductance effects.

Solving Eq. 37 at cactual = 1, we find

H
 � 2d2

k2

d2

� �2

c
v� 1

c� 1

� �
or Du
2 �

1

2c
c� 1

v� 1

� �
:

ð38Þ

Equation 38 indicates that at v = 1, H* ? 0 or

Du
2 !1, recovering the result that it is unattainable to

flip the transient current in the equal-valence case.

Equation 38 further reveals that for c[ 1 (\1), H* or

Du
2 can exist only if v[ 1 (\1). Moreover, because

Du1 = Du2cv, the sign inversion of (cactual - 1) takes

place either when Du1 [ Du2 [ Du
2 for c[ 1, or when

Du2 [ Du
2 [ Du1 for c\ 1. That is, flipping transient

current is only possible if the surface conductance of the

lower conductivity solution is greater than that of the
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higher conductivity one to cause the effective conductivity

of the former to exceed that of the latter.

Replacing c by cactual given in Eq. 37, we apply the exact

solution Eq. 18 in Sect. 3 to re-calculate the transient cur-

rents in displacements using electrolyte solutions having

unequal valences. Figures 6a and b reveal that the transient

current can indeed be flipped over due to the exceeding

conductivity enhancement in the lower conductivity solution

mentioned above. Similar to Fig. 2 for channels with high

zeta potentials, all the transient current curves in Figs. 6a and

b can be collapsed into a universal curve according to

J = (1 ? (cactual - 1)T)-1, as shown in Fig. 6c.

6 Effects of diffusion smearing and hydrodynamic

dispersion

In an actual displacement, because of the solution con-

ductivity mismatch, diffusion always exists at the place

where the two solutions meet. Therefore, the solution

interface will be inevitably smeared by diffusion, creating a

mixing zone of length ‘ * (Dt)1/2 between the solutions.

In addition, hydrodynamic dispersion (Taylor 1953) arising

from the induced pressure flow could further broaden the

zone. In this section, we briefly discuss how these effects

mediate the displacement.

We first consider effects of diffusion smearing. Assume

that diffusion is sufficiently fast so that any electrolyte

concentration variations across the streams are smeared

out. This assumption is valid if the diffusion time across

the channel depth is sufficiently short compared to the

displacement time, i.e., H2/D � L/U or PeL � (L/H)2.

Having assumed fast transverse diffusion, we can then

simplify the problem and adopt the length-averaged for-

malism to determine the electric resistance and the dis-

placement speed by including the contribution from the

mixing zone:

R ¼ xf � ‘=2

r1

þ
Z‘=2

�‘=2

dx0

rd
þ L� xf � ‘=2

r2

; ð39Þ

dxf

dt
� �U ¼ xf � ‘=2

L

� �
U1

þ 1

L

Z‘=2

�‘=2

Uddx0 þ L� xf � ‘=2

L

� �
U2;

ð40Þ

where rd is the conductivity and Ud is the slip velocity in

the zone. The integral terms in Eqs. 39 and 40 represent the

averaged resistance and velocity over the mixing zone,

respectively. These integrals are carried out in the frame

moving with the front x0 = x - xf, with the actual front
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Fig. 6 Flipping of transient

current due to surface

conductance effects in highly

charged channels with b = c0

when the ratio of the Debye

layer to the channel depth, k2/H,

is greater than some critical

value. a c = 2.5, v = 2, and

b c = 0.4, v = 0.5. In a and b,

the critical values of k2/H are

0.0121 and 0.0191, respectively.

In c, all the data with various

values of k2/H in a and b are

collapsed into a universal curve

according to

J = (1 ? (cactual - 1)T)-1

348 Microfluid Nanofluid (2011) 10:337–353

123



position xf (and hence the displacement speed) being

defined at the position where the pressure gradient

vanishes. Making use of the fact that the EOF velocity

varies with conductivity according to Ui � ri
-n (n [ 0)

(see Sect. 2), we write U1 = U2 (r2/r1)n and Ud = U2 (r2/

rd)n in Eqs. 39 and 40 to recast these equations as

R ¼ L

r2

1þ c� 1ð Þ xf

L

� �
þ ‘

L

Z1=2

�1=2

r2

rd

� �
dz� cþ 1

2

0
B@

1
CA

2
64

3
75;

ð41Þ

�U ¼U2 1þ cn� 1ð Þ xf

L

� �
þ ‘

L

Z1=2

�1=2

r2

rd

� �n

dz� cnþ 1

2

0
B@

1
CA

2
64

3
75;

ð42Þ

with z = x0/‘. As a result, the corrections to the resistance

and the displacement speed, reflected by the respective ‘/

L terms in Eqs. 41 and 42, turn out to be the corresponding

deviations of the length-averaged quantities in the mixing

zone to the mean values of the two bulk solutions. In the

special case of n = 1 where the EOF mobility is inde-

pendent of solution conductivity in the high zeta potential

regime, we find that the terms in the parentheses in Eqs. 41

and 42 are identical, i.e., R=ðL=r2Þ ¼ �U=U2. In this case,

since U2 = m2E2 = m2I/r2 = (m2/r2)(V0/R), the displace-

ment speed �U ¼ m2V0=L ¼ m2E0 is constant throughout

the displacement despite the presence of diffusion smear-

ing. Therefore, diffusion smearing can only affect the

transient current through variations of the resistance.

As such, if the conductivity distribution in the mixing

zone can be found, we can in principle quantify effects of

diffusion on the transient current and the displacement

speed using Eqs. 41 and 42. Here, we do not intend to carry

out a complete analysis for the electrolyte transport in the

zone. Instead, we illuminate the effects analytically by

considering a nearly uniform displacement situation with

|c - 1| � 1 (see Sect. 3.1). Since the diffusion boundary

layer will develop from the moving front to penetrate into

the two solutions with thickness growing like (Dt)1/2, the

electrolyte transport in the zone, if looking at the system in

the frame moving with the front, will be simply governed

by diffusion equation—a constant velocity will not produce

any transport. The situation here is similar to the startup

problem due to pure diffusion, but takes place at the con-

stant moving front. Therefore, the conductivity distribution

in the zone rd (x0) must bear a self-similar form described

by the combined variable n = x0/(‘(t)/2) with x0 ¼ x� �Ut:

rd � �r
r2 � �r

¼ erf
x0

‘ðtÞ=2

� �
; ð43Þ

which satisfies rd (x0 ? ?) = r2 and rd (x0 ? -

?) = r1. Here �r ¼ ðr1 þ r2Þ=2 is the mean conductivity

of the two solutions and erf is the error function. Because

the zone can be expanded (compressed) by the outward

(inward) pressure flow for c[ 1 (c\ 1) (in the frame

moving with the front), we expect that the actual width of

the zone ‘(t) should behave like 2(Dt)1/2 (1 ? f) in which

f [ 0 (\ 0) reflects the correction due to the conductivity

mismatch when c[ 1 (\ 1).

We can then apply Eq. 43 to find the electric resistance

of the zone. For |c - 1| � 1 the result can be approxi-

mated as

Rd ¼
Z‘=2

�‘=2

dx0

rd
� ‘

�r

Z1=2

�1=2

1� r2

�r
� 1

� �
erf zð Þ

� �
dz � ‘

�r
;

ð44Þ

in which the integral involving the error function is

identically zero. It turns out that the apparent conductivity

of the zone is simply the mean of the two bulk values,

which is not surprised. So the correction to the resistance

due to diffusion smearing can be found from the ‘/L term in

Eq. 41, giving

DR � Rd �
‘

2r2

cþ 1ð Þ � � ‘

2r2

c� 1ð Þ2 1þ cð Þ�1

� � ‘

4r2

c� 1ð Þ2; ð45Þ

which occurs at O((c - 1)2). As the resistance now is

slightly reduced by diffusion smearing, the electric current

with diffusion will be slightly higher than that without.

In the above discussion, we consider the effects arising

solely from molecular diffusion. We now take into account

hydrodynamic dispersion that can promote diffusion

smearing due to the enhancement of the axial diffusion

coefficient by the induced pressure flow. How hydrody-

namic dispersion impacts the extent of the mixing zone can

be pictured as follows. Because of the transverse velocity

gradient setup by viscous shearing, electrolyte molecules,

especially along the edge of the mixing zone, at different

transverse positions are advected at different speeds, cre-

ating a concentration gradient across the streams and hence

resulting in additional diffusion in the transverse direction.

Together with the pre-existed concentration gradient in the

streamwise direction, the mixing zone can then be broad-

ened at a much faster rate than that by molecular diffusion

alone. The phenomenon is in effect equivalent to the

spreading of electrolytes with an enhanced diffusion

coefficient. In our system, the effective diffusion coeffi-

cient Deff can be determined by modifying the classical

result (Aris 1956):
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Deff

D
¼ 1þ K

DUH

D

� �2

; ð46Þ

where K is the geometrical factor and DU : |U2 - U1| is

the difference between the two slip velocities, as it is this

velocity difference setting up the induced pressure flow

responsible for the dispersion. Because U1/U2 = cn (n [ 0),

the relative slip velocity difference is DU/U2 = cn - 1

(in reference to the displaced phase with which the dis-

placement starts), and hence we expect that the dispersion

will become more pronounced for c[ 1.

7 Applicability of the analysis and comparison

with experiments

Our analysis is based on the assumption that the interface

always maintains flat and sharp during a displacement. This

assumption holds only if the following two criteria are

satisfied, as already discussed in Sect. 2.

First, the axial Peclet number PeL = UL/D must be

sufficiently large so that diffusion can be neglected com-

pared to convection. With U * 102 lm/s, L * 1 cm, and

D * 10-5 cm2/s in typical microfluidic experiments, the

estimated Peclet number is PeL * 103. As the interface’s

broadening is merely 3% of the channel length, diffusion

smearing is indeed unimportant in practice.

Second, to ensure that the flow is unidirectional in most

of the channel, the width of the transition zone near the

interface Re � H must be sufficiently small compared to the

channel length L. Given Re = 0.01–0.1 and H * 100 lm

in typical microfluidic experiments, the transition zone is

no more than 10 lm and hence less than 0.1% of

L = 1–10 cm. Therefore, possible interface distortion by

the non-parallel flow in the zone can be safely neglected.

Combining PeL 	 1 and ReH � L, we can find the

range of the velocity scale for ensuring the applicability of

the present analysis:

D=L� U � mL=H2: ð47Þ

Using typical values m * 10-2 cm2/s, D * 10-5 cm2/s,

H * 100 lm, and L * 1 cm, we find 10-5 cm/s

� U � 102 cm/s. In most of the EOF experiments,

velocity scales are within the range estimated above,

justifying the applicability of the present analysis.

To see if our analysis can describe real EOF-driven dis-

placement processes, we also compare our results with the

existing experimental data. We first look at the work of Huang

et al. (1988) who invented the current monitoring method for

measuring the surface zeta potential of a capillary. In their

work, by performing a nearly uniform displacement using

solutions with a small conductivity mismatch, they tracked the

transient current and found that it virtually varies linearly with

time. In our analysis, we show analytically for c & 1 case

(see Sect. 3.1) that the transient current does reveal such a

linear response. As seen in Fig. 7, our results match perfectly

with their data for both c\ 1 and c[ 1 cases. In addition, we

identify that relative errors in the measured zeta potentials due

to the solution conductivity mismatch are O((c - 1)2). In

other words, our analysis not only is able to capture Huang

et al.’s data but also justifies the use of the current monitoring

method in measuring surface zeta potentials.

Further experimental evidence for supporting our anal-

ysis can be seen in the work of Ren et al. (2003). In their

experiments, the solution conductivity contrast was large,

which can be considered as c �1 or c 	 1. They found

that electric currents can show a quick rise near the end of a

displacement for c � 1 and decline very rapidly at the

beginning of a displacement for c 	 1, as predicted,

respectively, in Sects. 3.2 and 3.3. More quantitative

comparison is also made in Fig. 8, showing that our the-

oretical predictions do agree well with their data. As these

experimental results can be well predicted by our simpli-

fied equations, the present analysis does capture the

essential physics of EOF-driven displacement.

8 Concluding remarks

We have analyzed EOF-driven displacement between

two solutions in a uniformly charged microchannel and
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Fig. 7 Comparison between our theoretical predictions and the

transient current data measured by Huang et al. (1988). Their

experiments are conducted in a 63 cm-long capillary tube having

inner diameter of 75 lm. The electric field is 33.3 kV/m. a Is the result

with 20 mM phosphate buffer displacing 19 mM phosphate buffer

(c = 0.95 \ 1). b Is obtained by flowing 19 mM phosphate buffer

toward 20 mM phosphate buffer (c = 1.05 [ 1). The conductivities of

20 and 19 mM phosphate buffers are 2.73 and 2.6 mS/cm, respectively
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examined how solution conductivity difference plays roles

in the current monitoring method. A conductivity mismatch

causes unequal EOF slip velocities in the solutions, pro-

ducing internal pressures to affect the propagation of the

solution interface and the behavior of the transient current.

Despite these induced internal pressures, we verify that the

interface can remain flat across the channel depth and be

advected by the local plug flow. Analyzing both electric

and fluid flow problems, we derive a coupled set of length-

averaged equations to elicit how the electric current and the

traveling distance of the solution interface vary with time,

electric field, and the solution conductivities. We also show

that the equation governing the interface’s propagation can

be readily obtained through the analogy to that derived

from Ohm’s law using the electrics-hydrodynamics

similitude.

Effects of solution conductivity difference are illumi-

nated by three different systems. For solutions with a small

conductivity difference, we obtain the constant-speed dis-

placement in a uniform EOF, recovering the result that the

transient current changes linearly with time. In a dis-

placement by a very high conductivity solution, the electric

current rises very rapidly as the interface moves towards

the exit of the channel. The displacement speed is found to

only decrease slightly with time, except near the exit where

it drops very rapidly. On the other hand, if the fluid is

pushed by a very low conductivity solution, it will be

advected at a very fast speed but with a dramatic decline in

the electric current. In the high zeta potential regime, if the

surface charge density were sufficiently high to outweigh

the influence from the conductivity difference, the surface

zeta potentials in the two solutions would not differ sig-

nificantly. In this case, the result is essentially identical to

that in the constant-speed displacement case, regardless of

the conductivity ratio (as long as it is an order of unity).

The present framework can also be applied to successive

displacements involving multiple solution zones. In these

systems, transient currents can vary with time in a non-

monotonic and stagewise fashion, depending on the con-

ductivities of the zones.

We also unravel the critical roles of surface conductance

in highly charged channels by inspecting how transient

currents are influenced by an additional conductivity aris-

ing from the existence of the collapsed counterion layer.

The most important finding is that if the lower conductivity

solution has a greater valence than the higher one, the

apparent conductivity of the former can exceed that of the

latter when the channel height is below some critical value.

The effect turns the transient current behavior to be

opposite to that in the usual large channel case. As this

current flipping phenomenon is unique to displacements in

highly charged submicron channels, it offers a new para-

digm to gauge the importance of surface conductance. It is

worth pointing out that such a current flipping phenomenon

has not been observed in usual experiments, which can be

explained by the following reasons.

First of all, the phenomenon can only be realized when

solutions of different valences are used. In addition, in

order to have appreciable surface conductance effects, the

channel height cannot be too large compared to the Debye

layer thickness. It cannot be too small, either; otherwise the

double layers will become overlapped, to which the present

analysis is clearly not applicable. Because of these con-

straints, we envisage that the phenomenon might occur in

certain windows of the parameters and it is more likely to

take place in a displacement involving two different

polyvalent electrolyte solutions in a highly charged sub-

micron channel. Therefore, whether the phenomenon can

be observed would require a careful design of the channel

dimensions in line with a judicious choice of solution

conditions, which explains why the phenomenon has yet

been observed in usual experiments. In future work, we

will carry out experiments to see if the phenomenon can

occur as predicted.

We also make attempts to elicit how diffusion smearing

impacts the displacement by including the additional

mixing zone into the analysis. When the solution conduc-

tivity difference is small, we find that the transient current
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Fig. 8 Comparison between our theoretical predictions (lines) and

the transient current data (symbols) measured by Ren et al. (2003).

a Is obtained by flowing 10 mM KCl solution toward 0.1 mM KCl

solution (c = 0.0107 � 1), and b is the result with 0.1 mM KCl

solution displacing 10 mM KCl solution (c = 93.3 	 1). Experi-

ments are carried out under electric fields 35 and 70 kV/m
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with diffusion is slightly greater than that without. If the

solution conductivity difference is large, however, hydro-

dynamic dispersion could cause the mixing zone to be

broadened at a much faster rate than that by molecular

diffusion alone.

Our study provides renewed insights into the current

monitoring method for measuring the surface zeta poten-

tials of microchannels. In this method, one usually employs

electrolyte solutions with a small conductivity difference to

generate a nearly uniform sweeping for rendering a steady

change of the transient current. As we have identified how

transient current behaves for an arbitrary conductivity ratio,

it is not necessary to use a small conductivity difference in

the measurement; one can use solutions having a greater

conductivity difference to render more sizeable changes in

transient currents and still obtain the zeta potential in

accuracy. Therefore, having the knowledge on how solu-

tion conductivity difference impacts the displacement, the

applicability of the current monitoring method for char-

acterizing surfaces of microchannels can be greatly

extended. In fact, we have made comparison between our

theoretical results and the existing experimental data of

various solution conductivity ratios. We find that our

results agree very well with the measured data. So our

analysis does capture the natures of the displacement.

While this study is focused on solution displacement in

which the electric double layers are much thinner than the

channel height, it might be interesting to envisage what

happens if displacing solutions in a nanochannel. As the

double layers are now comparable to the channel height,

the overlapping of the double layers no longer screens the

surface charge of the channel. Consequently, the solution

in the channel is not electro-neutral and driven entirely by

the electric body force imparted by the net charge density

multiplied by an applied electric field. The resulting EOF

velocity obviously will depend on how ions are distributed

within the channel. Moreover, if the channel height were

below the double layer thickness, the bulk conductance

would become independent of the electrolyte concentra-

tion, as opposed to the usual linear relationship (Stein et al.

2004; Yossifon et al. 2009). In this case, there could be no

current change during the displacement. In addition, near

the entrance and exit of the channel where the channel

depth changes abruptly from nanometer to micrometer

scales, or vice versa, the bulk conductance could undergo a

dramatic change due to its different dependences on the

electrolyte concentration. Moreover, concentration polari-

zation could likely occur due to ion depletion/enrichment

effects caused by the double-layer overlapping (Pu et al.

2004). Because these effects are either absent or negligible

in our system, we expect that the features of displacing

solutions in nanochannels would be quite different from

those found in this work.
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