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Abstract

This paper analyzes the effect of surfactant on the linear stability of an annular film in a capillary undergoing a time-periodic
gradient force. The annular film is thin compared to the radius of the tube. An asymptotic analysis yields a coupled set of equations
periodic coefficients for the perturbed fluid–fluid interface and the interfacial surfactant concentration. Wei and Rumschitzki (subm
publication) previously showed that the interaction between a surfactant and a steady base flow could induce a more severe insta
stationary base state. The present work demonstrates that time-periodic base flows can modify the features of the steady-flow-base
depending on surface tension, surfactant activity, and oscillatory frequency. For an oscillatory base flow (with zero mean), the g
decreases monotonically as the frequency increases. In the low-frequency limit, the growth rate approaches a maximum correspo
growth rate of a steady base flow having the same amplitude. In the high-frequency limit, the growth rate reaches a minimum corres
the growth rate in the limit of a stationary base state. The underlying mechanisms are explained in detail, and extension to other tim
forms is further exploited.
 2004 Elsevier Inc. All rights reserved.
Keywords:Core–annular film flow; Time oscillatory; Capillary instability; Surfactant; Marangoni
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1. Introduction

When two immiscible fluids are subjected to an exter
pressure in a cylindrical tube, they typically flow coaxia
in a core–annular flow (CAF) arrangement in which o
(the annular) fluid coats the wall and surrounds the other
core) fluid (seeFig. 1). CAFs have been extensively studi
and served as useful models in a variety of contexts s
as lubricated pipelining[1], liquid–liquid displacement in
porous media[2], secondary oil recovery[3] and pulmonary
airway closure[4,5]. In most applications, the annular thic
ness is small compared to the tube radius. A CAF in
situation is called a core–annular film flow (CAFF). The d
namics of a CAFF are often controlled by the annular fi
* Corresponding author.
E-mail address:hhwei@mail.ncku.edu.tw(H.-H. Wei).

0021-9797/$ – see front matter 2004 Elsevier Inc. All rights reserved.
doi:10.1016/j.jcis.2004.11.069
and usually include events of how the fluid–fluid interfa
evolves, depending on flow conditions and fluid propert
In some instances the interface could remain intact whil
others it could become discontinuous (e.g., snap-off). Th
the interfacial instability that affects the integrity of a CAF
and hence the subsequent fate of the system. It is so cr
to a CAFF that one needs to properly manage it to encou
or discourage instability for desired processes. In this pa
we restrict our attention to CAFFs and relevant physics
interfacial instability.

The motivation of the present study of CAFFs arises fr
efforts to understand, for example, oil recovery proces
and the mechanisms involved in airway closure. In th
applications, flows are typically time-periodic and often co

tain surface-active agents such as surfactants. The role of
time periodicity, surfactant, or their combination could be
vital to these processes. In secondary oil recovery, it is usual

http://www.elsevier.com/locate/jcis
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Fig. 1. Geometry of a core–annular film flow in the presence of surfact

to pump an immiscible fluid (e.g., water) into porous roc
to extract residual oil lodged therein. As the interfacial
stability occurs due to high interfacial tensions, the wett
layer (oil) snaps and brings the nonwetting phase (wa
into contact with the capillary pore wall, thereby maki
recovery more difficult. Adding surfactant reduces surf
tension, discouraging the inception of instability and th
improving recovery efficiency. Time-oscillatory forces ge
erated by acoustic waves could also discourage the inte
from contacting the wall, and thus could provide an effici
means to displace residual oil out of porous media[6].

In the lung, air travels through a network of airwa
whose walls are coated by a thin fluid layer. The inte
cial dynamics of such a liquid layer is critical to mainta
ing normal breathing. For premature infants suffering fr
respiratory diseases such as respiratory distress synd
(RDS), insufficient surfactant or the surfactant deficie
could exaggerate the interfacial growth during a brea
ing cycle. This growth in turn blocks the pathway for a
to reach alveoli, where gas exchange takes place. To
vent such a catastrophic event, one should discourag
surface-tension-induced (capillary) instability. Surfactant
placement therapy (SRT) is often a remedy for RDS. Nor
procedures involve instillation of a liquid bolus into the lu
as a vehicle to deliver exogenous surfactants. Such liqui
ten forms a liquid plug and leaves a trailing film behind
ahead of the plug. In contrast to airway closure, it is nec
sary to appropriately manage the formation of liquid plu
e.g., via breathing rates, in order to efficiently deliver surf
tants.

The dominant effects on the linear stability of a CAFF
capillarity and viscosity stratification. The detailed featu
of each effect and their combined influence have been s
ied thoroughly[1,7,8]. The capillary instability is in particu
lar appreciable in small-scale flow environments. A sketc
the mechanism is shown inFig. 2. According to the Young–
Laplace equation that describes the force balance betw
the fluid pressure and surface tension on the interface
surface tension works with the interfacial curvature wh
circumferential component destabilizes (i.e., causes in

face growth) and longitudinal component stabilizes. Basi-
cally, the capillary instability can prevail when the annular
layer is more viscous unless the flow is sufficiently fast.
Interface Science 285 (2005) 769–780
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Fig. 2. A sketch of capillary instability in a CAFF. The instability aris
from the presence of the circumferential curvature of the interface.

The instability, however, can be arrested by nonlinear eff
[9–11], leading to an intact CAFF.

The aforementioned stability analyses of CAFFs
based on steady base flows and are well understood. H
ever, time-periodic base flows could change the stab
features of a CAFF. Coward et al.[12] investigated the sta
bility of a pulsatile CAFF. The resulting leading order line
growth rate, similar to the steady or stationary base s
case, is attributed to capillarity and is independent of
base flow. They also found that the growth of the insta
ity could be restrained by nonlinear effects. Halpern
Grotberg[13] recently studied the interfacial stability in
liquid-lined tube subject to an oscillatory flow. They show
that sufficiently high frequency could saturate the capill
instability. The mechanism is analogous to a “butter-kn
action in which a growing interface could be suppressed
the shear through the back-and-forth stroke of the airfl
In addition, from the viewpoint of hydrodynamic stability,
certain class of planar Rayleigh–Taylor flow systems sh
some similarities with those of CAFFs[14].

Most of the earlier investigations on the effects of surf
tants on the interfacial stability of CAFF’s were devoted
the case without a base flow. Halpern and Grotberg[4] and
Otis et al. [5] developed lubrication theory models to e
amine the instability of a surfactant-laden liquid lining th
occurs in airway closure. They showed that surfactants
long closure times because of the Marangoni retardatio
the capillary instability. This has been experimentally ve
fied by Cassidy et al.[15]. In particular, for sufficiently high
surfactant activity, the interface becomes rigid and the
sulting growth rate is reduced to one-fourth of that of
clean interface. The mechanism of the Marangoni reta
tion of the capillary instability has been explained by Otis
al. [5]. As the capillary instability occurs, the annular flu
is drained from the thinner to the thicker portions of t
layer due to capillary pressure differences. Such capil
flow sweeps surfactant likewise, and causes a higher su
tant concentration on the thicker-portion interface, which
turn creates Marangoni forces opposing the capillary gro
of the interface.

There are only a few investigations that address h
steady base flows influence the surfactant-induced Ma
goni effect. Frenkel and Halpern[16] and Halpern and

Frenkel [17] studied the linear stability of a two-layer
Couette–Poiseuille flow in the presence of an insoluble sur-
factant. Their analysis showed that surfactant could desta-
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Fig. 3. A sketch of the flow-induced Marangoni instability. A base flow
arranges the surfactant distribution through a varying surface velocity a
the deformed interface. The induced Marangoni forces in turn caus
growth of the interface.

bilize the system that is stable in the absence of sur
tant. Blyth and Pozrikidis[18] later demonstrated that th
Marangoni-induced instability could be arrested by non
ear effects. Although these studies have addressed how
flows interact with Marangoni effects to affect the inter
cial stability, they focus on planar systems that inhere
lack the interfacial circumferential curvature that is critic
to the capillary destabilization of cylindrical interfaces.

The incorporation of the capillary destabilization in t
presence of surfactant has been recently investigated by
and Rumschitzki[19]. They asymptotically examined th
effect of surfactant on the linear stability of a CAFF. T
features of the stability strongly depend on the capill
numberCa, which represents the ratio of viscous to s
face tension forces. In particular, in the limit of largeCa,
the Marangoni effect destabilizes disturbances for all wa
lengths. That is, even when the capillarity effect is abs
the system becomes unstable due to the presence of s
tant. For moderately smallCa, surfactant could cause mo
severe destabilization than capillarity does.

As illustrated by Wei and Rumschitzki[19], the flow-
induced Marangoni instability can be understood by obs
ing the dynamics in the thin-annular region that norma
controls the stability of a CAFF. The mechanism is depic
in Fig. 3. The steady base flow in this region behaves lik
shear flow that varies linearly in the radial direction. T
shear flow basically rearranges the surfactant distribu
through a varying surface velocity along the deformed in
face. The induced Marangoni forces in turn cause the gro
of the interface. A similar mechanism is also present in tw
fluid channel flows[16–18].

When a base flow is time-periodic, it is not clear, ho
ever, how it modifies the stability features of a surfacta
laden CAFF. In Section2, we begin with the governing
equations, boundary conditions as well as the base sta
Section3, we utilize scaling analysis to derive a coupled
of evolution equations governing the corresponding lin

stability. Results and discussion are presented in Section4,
applications are discussed in Section5, and conclusions and
final remarks are made in Section6.
Interface Science 285 (2005) 769–780 771
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2. Base state, governing equations, and boundary
conditions

Consider the axisymmetric flow of two immiscible, vi
cous, incompressible fluids in a core–annular arrangem
in a straight tube with radiusR2, as shown inFig. 1. The
interface is given byr∗ = S∗(z∗, t∗) where(r∗, θ∗, z∗) are
the radial, azimuthal, and axial coordinates used to de
a cylindrical geometry. Fluid 1, with viscosityµ1, occupies
the core region 0� r∗ � S∗(z, t), and fluid 2 having vis-
cosityµ2 fills the annular regionS∗(z∗, t∗) � r∗ � R2. Our
present study is focused on a thin-annular system in w
the density stratification does not contribute to the lead
order stability[8]. In the case of a microgravity environme
or a higher-than-normal surface tension that occurs in R
the gravitational effect could be negligible, similarly in o
recovery. This can be justified based on the magnitude o
Bond numberBo = �ρgR2

2/σ
∗ (�ρ the fluid density dif-

ference,σ ∗ the surface tension). For an air–liquid syste
in RDS occurring in small airways,Bo is about 10−2. Dur-
ing oil recovery in small capillaries, the estimate ofBo is
10−3 for a typical water–oil system. For simplicity, the de
sities of both fluids are assumed to be matched and den
by ρ. Because the flow fields are assumed to be axis
metric, the velocity vector is given byv∗ = (u∗,0,w∗). To
study the linear stability of the system, one begins with
unperturbed or base state. Letr∗ = R1 be the undisturbed
cylindrical interface. The base flow is driven by a tim
periodic pressure gradient∇∗p∗ = −F(t∗)ez∗ . In general,
this driving force is of the formF = F0 + F1(t

∗), in which
F0 is the steady part, and the time-oscillatory partF1 is the
time-oscillatory part having frequencyω∗. If the Womersley
numberα2 = ρωR2

1/µ1 is sufficiently small, then the bas
flow can be represented by a quasi-steady Poiseuille
The base states are given by

(1)v∗ = (
0,0, w̄∗(r∗, t∗)

)
, [p̄∗] = σ ∗

0

R1
, Γ̄ ∗ = Γ ∗

0 ,

where

w̄∗(r∗, t∗) = −F(t∗)
4µ1

(
r∗2 − R2

1

) + F(t∗)
4µ2

(
R2

2 − R2
1

)
(2a)for 0� r∗ � R1,

(2b)w̄∗(r∗, t∗) = F(t∗)
4µ2

(
R2

2 − r∗2) for R1 � r∗ � R2.

Here [·] = (·)1 − (·)2, Γ ∗
0 is a constant representing th

undisturbed surfactant concentration along the undistu
interface, andσ ∗

0 is the corresponding interfacial tensio
Because we perform a linear stability analysis, we can
a linear relation betweenσ ∗ andΓ ∗:

(3)σ ∗ = σ ∗
0 − γ

(
Γ − Γ ∗

0

)
,

whereγ = −(∂σ ∗/∂Γ ∗)Γ ∗
0

is the surfactant elasticity.

Next, the governing equations and boundary conditions

are nondimensionalized. We chooseR1 as the characteristic
length. The velocity is scaled with respect to the centerline
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velocityW0 = AF (R2
1(µ2−µ1)+R2

2µ1)/4µ1µ2, where the
strength of the driving forceAF can be either the steady pa
F0(�= 0), or the amplitude of the oscillatory partF1 (when
F0 = 0). The pressure and time scales areµ1W0/R1 and
R1/W0, respectively. The surfactant concentration is sca
with respect toΓ ∗

0 . The base states(2a) and(2b) then be-
come

(4a)W̄ (r, t) = f (t)

(
1− mr2

(a2 + m − 1)

)
for 0� r � 1,

(4b)w̄(r, t) = f (t)

(
a2 − r2

a2 + m − 1

)
for 1 � r � a,

(4c)[p̄] = 1

Ca
, Γ̄ = 1,

wherem = µ2/µ1 is the viscosity ratio,a = R2/R1 is the ra-
tio of the tube radius to the unperturbed core radius,f (t) is
the dimensionless time-periodic function of the dimensi
less frequencyω = ω∗R1/W0 that characterizes the streng
of the pressure gradient, andCa= µ1W0/σ

∗
0 is the capillary

number. The nondimensional equation of state(3) becomes

(5)σ = 1− El(Γ − 1),

whereEl = γΓ ∗
0 /σ ∗

0 is the elasticity number.
The nondimensional continuity and Navier–Stokes eq

tions for each fluid are

(6a)
1

r
(ru)r + wz = 0,

(6b)Re1(wt + uwr + wwz) = −pz + mi∇2w,

(6c)Re1(ut + uur + wuz) = −pr + mi

(
∇2u − 1

r2
u

)
,

where

∇2 = ∂2

∂r2
+ 1

r

∂

∂r
+ ∂2

∂z2
,

and Re1 = ρW0R1/µ1 is the Reynolds number based
the core andmi = 1 andm for i = 1 and 2, respectively
Note thatRe2 = Re1/m. At the rigid wall the no-slip and
no-penetration-velocity conditions are applied, so that

(7)w2 = u2 = 0 atr = a.

At the interfacer = S(z, t), continuity of velocity, and tan
gential and normal stress conditions are applied:

(8)[w] = 0, [u] = 0,

1

(1+ S2
z )1/2

[
(uz + wr)

(
1− S2

z

) + 2(ur + wz)Sz

]
(9)= −El

Ca
Γz,

−[
p − 2ur − (−p + 2wz)S

2
z + 2(uz + wr)Sz

]

(10)= σ(Γ )

Ca

[
Szz − 1

S

(
1+ S2

z

)](
1+ S2

z

)−3/2
,

Interface Science 285 (2005) 769–780

whereσ(Γ ) is given by(5). The kinematic condition, in ei
ther core or film variables, is

(11)u = St + wSz on r = S(z, t).

Finally, the surfactant transport equation for an insolu
surfactant along the interface[20,21] is

Γt − StSz

1+ S2
z

Γz + 1

S

√
1+ S2

z

(
S(w + uSz)√

1+ S2
z

Γ

)
z

(12)+ (u − wSz)

(1+ S2
z )2

(
1+ S2

z

S
− Szz

)
Γ = 0.

Here we neglect the effects of surface diffusion since
estimated Peclet numberPe= W0R1/Ds (Ds the surface dif-
fusivity) is 103 or larger for applications of our interest.

3. Scaling analysis and derivation of evolution equations

Our goal is to asymptotically examine the linear sta
ity of the present system in the thin-film limit. The pr
vious thin-film analysis[8] for a clean-interface CAF ha
been justified in view of its agreement with the full li
ear stability analysis[1]. The recent study in a surfactan
laden CAFF[19] also confirmed its consistency with th
full analysis based on Stokes flows. We are thus confi
that the present asymptotic stability analysis not only c
tures some of the essential features that should appear
full stability analysis, but also furnishes a more lucid w
to understand the underlying physics prior to performin
complete linear analysis.

We defineε to be the ratio of the undisturbed annu
thickness to the core radius. The thin-annulus limit(ε � 1)

allows one to introduce a stretched film variabley := 1 −
(r − 1)/ε. For m ∼ O(1), the base flows(4a) and (4b) to
leading order inε in the annulus and the core are, resp
tively,

(13a)w̄(y, t) = 2ε

m
f (t)y + O(ε2)

and

(13b)W̄ (r, t) = f (t)(1− r2) + O(ε).

Let us introduce an infinitesimal axisymmetric disturban
of orderδ1 andδ2 to the circular interface and the unifor
surfactant concentration, respectively,

(14a)S(z, t) = 1+ δ1η(z, t),

(14b)Γ (z, t) = 1+ δ2G(z, t),

whereη andG areO(1) functions for the interfacial and su
factant concentration perturbations, respectively. Follow
Wei and Rumschitzki[19], we estimate the scales of pertu

bation quantities and establish the scaling criterion for cap-
turing both capillary and Marangoni effects in the same lead-
ing order. The detailed analysis is outlined inAppendix A.
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The required scaling conditions are summarized as

(15)Ca∼ ε2, El ∼ ε2, δ1 ∼ εδ2.

Based on the scalings (15), the scalings of perturbation
locities can be identified. As a result, it can be shown
the leading order stability is governed by the dynamics
the annular film to which those of the core are slaved.
can then derive the corresponding set of evolution equat
governing the leading order linear stability of the syste
The detailed derivation is provided byAppendix B. As such,
letting Ca0 = Ca/ε2 andMa = El/Ca, we arrive at the fol-
lowing coupled set of equations:

(16a)

ητ + 2

m
f (τ)ηz + 1

3mCa0
(ηzz + ηzzzz) + Ma

2m
Gzz = 0,

Gτ + 2

m
f (τ)Gz − 2

m
f (τ)ηz − 1

2mCa0
(ηzz + ηzzzz)

(16b)− Ma

m
Gzz = 0,

where a long time scaleτ = εt is necessary for obtainin
nontrivial dynamics.

4. Analysis of the leading-order linear stability

We begin with analyzing the leading-order linear stabi
of the system by considering first the limits of small a
largeMa.

4.1. Small and large Marangoni number limits

As Ma→ 0, Eq.(16a)reduces to

(17a)ητ + 2

m
f (τ)ηz + 1

3mCa0
(ηzz + ηzzzz) = 0,

which corresponds to the clean-interface case with a ti
periodic base flow. Applying the transform

η = η̂ exp

(
−2ik

m

∫
f (τ)dτ

)
eikz+sτ ,

wherek is the wavenumber of perturbations ands is the
growth rate, we find

(17b)s = 1

3mCa0
k2(1− k2).

As a result, the growth rates is dominated by capillarity an
is independent of the base flow. This is also consistent
the linear stability results of Georgiou et al.[8] and Halpern
and Grotberg[13].

In contrast, in the limit of largeMa, the surfactant concen
tration becomes uniform and the interface becomes tan
tially immobile. Such interface, however, still tends to gr

due to the capillary instability. Since the tangentially immo-
bile interface retards the flow more than the clean-interface
does, the corresponding growth rate should be expected to b
Interface Science 285 (2005) 769–780 773
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slower than the clean interface. In this limit, Eq.(16a)sug-
gests that forη ∼ O(1), G ∼ 1/Ma (i.e., an almost uniform
G). By rescalingG = G̃/Ma with G̃ = O(1), Eqs.(16a)and
(16b)can be reduced to

(18a)ητ + 1

m
f (τ)ηz + 1

12mCa0
(ηzz + ηzzzz) = 0

at leading order inMa−1. Using

η = η̂ exp

(
− ik

m

∫
f (τ)dτ

)
eikz+sτ ,

the resulting growth rate becomes

(18b)s = 1

12mCa0
k2(1− k2),

which is just one-fourth of that of the clean-interface c
(17b) and is again independent of the base flow. This a
agrees with the previous studies[15,19]. Notice that the
maximum growth rates for both(17b)and(18b)occur at the
same wavenumberk = kmax= 1/

√
2.

In general, how the growth rate behaves asMa varies,
e.g., the transition from(17b) to (18b), is not a trivial mat-
ter, particularly in the presence of a base flow. The prev
study for a steady CAFF[19] showed that the maximum
growth rate could be greater or smaller than(17b), depend-
ing on the strength of the base flow (reflected byCa). In the
next section we explore the influence of a time-oscillat
base flow in more detail.

4.2. The effect of a time-oscillatory base flow

We choose the functionf (τ) = cos(Ωτ) to characterize a
time-oscillatory base flow and examine how such a base
interacts with surfactant to affect stability. Since Eqs.(16a)
and (16b)contain time-dependent coefficients, the usual n
mal mode analysis is not applicable. We thus utilize Floq
theory and an initial-value-problem approach as alterna
solution methods to analyze the features of stability. The
tails of these methods are given inAppendix C.

According to(C.4) in Appendix C, the system stability is
determined by the growth ratesr, the real part of the Floque
exponents. Fig. 4 shows the effect of frequencyΩ on the
linear growth ratesr as a function of the wave numberk. We
further confirm that both results using eigenvalue and in
value solution methods are in excellent agreement.Fig. 4
shows that asΩ increases, the growth rate decreases
shifts the critical wavelength 2π/kc toward a larger value
bounded between the small and largeΩ limits. In the limit
of Ω → 0, the growth rate approaches that of the steady b
flow case with the same flow strength as the maximum of
time-oscillatory one (i.e.,f (τ) = 1). On the other hand, i
the limit of largeΩ , the growth rate approaches that of t
e

stationary base state case (i.e.,f (τ) = 0).
To explain the above observations, we should first note

that in the presence of surfactant, a steady base flow case
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Fig. 4. The effect of frequencyΩ on the growth ratesr as a function of the
wave numberk. Ca0 = 1, Ma= 1, m = 1. The base flow is time-oscillator
and has strength off (τ) = cos(Ωτ). As Ω → 0, the growth rate tends t
that of a steady-base-flow case with strengthf = 1. AsΩ → ∞, the growth
rate approaches that of the stationary case (i.e.,f = 0).

is less stable than a stationary case due to the base-
induced Marangoni destabilization[19]. The system be
comes less stable as the strength of the base flow increa

When the base flow is time-oscillatory, disturbances
perience time-varying strengths of the base flow in
courses of their evolutions. This suggests that respon
growth rates vary between the stationary case (least
stable) and the steady base flow case with the maxim
strength (most unstable). WhenΩ is small, the system coul
stay with almost unchanged growth rate over a long
riod of time. During the period when the system has
fastest growth rate corresponding to the maximum base
strength, the change of the base flow strength is the slow
The exponential growth of a disturbance thus overwhe
other relatively slower growths during other periods. T
smallerΩ becomes, the longer the system can stay with
fastest growth rate. Therefore, in the limit of smallΩ , the
growth rate approaches the result for the steady base
case.

For largeΩ , the direction of the base flow (with a ze
mean) changes rapidly. There is thus no time for surfacta
interact with the base flow to establish a surface tension
dient to cause the Marangoni destabilization. Accordin
the system with rapidly changing base flow acts in a man
similar to a steady base flow with the same mean. Since
mean of the base flow is zero here, the situation is sim
to the stationary case where the capillary instability do
nates. In this case, the Marangoni force simply respond
the capillarity and acts as a suppressing force on the cap
instability. In Section4.3 we will apply the initial value ap-
proach with different wave forms for both small and largeΩ .
Fig. 5 shows the effect ofΩ on the maximum growth
rate sr max as a function ofMa for Ca0 = 1. For a given
Ma, sr max decreases with increasingΩ just as demonstrated
Interface Science 285 (2005) 769–780
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Fig. 5. The effect of frequencyΩ on the maximum growth ratesr max as a
function ofMa. Ca0 = 1, m = 1.The base flow is the same asFig. 4.

in Fig. 4. For a smallΩ (< 1), sr max rises asMa in-
creases (in the small-Ma regime) and then reaches a ma
imum atMa = Ma∗ beyond which a further increase inMa
results in a reduction insr max. This is because the bas
flow-induced Marangoni destabilization is magnified in
small-Ma regime, while it is suppressed by the less mob
interface in the large-Ma regime[19]. For a largeΩ (∼100),
however, since the situation should closely follow the c
of no base flow,sr max simply declines with increasingMa.
Both trends for small and largeΩ suggest that for a mode
ateΩ , there must be more than one local extremum in
sr max–Ma plane, indicating a transition between small- a
large-Ω limits. The curves forΩ = 1, 5, and 10 inFig. 5
illustrate such situations. Further notice that for small
largeMa, all the curves approach the maxima of(17b)and
(18b) or the limits Ma → 0 and Ma → ∞, respectively,
which are independent ofΩ .

The impact ofΩ on the maximum growth ratesr max as a
function ofCa0 is shown inFig. 6. For a smallCa0 (<0.1),
all curves for variousΩ merge into a single curve. We ide
tify such a curve as the asymptote 1/12Ca−1

0 , which is just
the maximum of(17b) for the clean-interface limit. This i
because for a smallCa0, the system behaves like the s
tionary case where the capillarity dominates the instabi
The base flow thus does not have a significant impac
the instability regardless ofΩ . In addition, the Marangon
correction to the leading-order growth rate ofO(Ca−1

0 ) is
O(MaCa0

0), which is small compared to the leading ord
Obviously, in this small-Ca0 regime, the maximum growt
rate decreases with increasingCa0.

Fig. 6also shows that asCa0 increases beyond the sma
Ca0 regime, the effect ofΩ on sr max starts to manifest
Again, for a fixedCa0 (andMa), sr max decreases with in
creasingΩ (see alsoFig. 4). For each givenΩ , the curve

∗
has a minimum atCa0 = Ca0, beyond whichsr max starts to
rise asCa0 increases. This is because the Marangoni desta-
bilization due to the base flow becomes more pronounced at
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Fig. 6. The effect of frequencyΩ on the maximum growth ratesr max as
a function ofCa0, whereMa = 1, m = 1, and with the same base flow
Fig. 4. As Ca0 → 0, sr max tends to the rigid-interface limit 1/12 Ca−1

0 .

Fig. 7. The effect of frequencyΩ on the neutral stability curves in theMa–k

plane. HereCa0 = 1, m = 1, and the base flow is the same asFig. 2.

largerCa0 (since the relative strength of the base flow to c
illarity, reflected byCa0, becomes larger). Since at higherΩ

surfactant has less time to interact with the base flow to g
erate the Marangoni destabilization, a largerCa∗

0 is needed
at higherΩ . It is thus evident that in the large-Ω limit, Ca∗

0
tends to infinity (e.g., see theΩ = 100 curve).

Fig. 7shows the effect ofΩ on the neutral stability curve
in the Ma–k plane. In conjunction withFig. 4, increasing
Ω shifts the neutral stability curve toward a longer critic
wavelength (smaller critical wave numberkc) and shrinks
the unstable region. A typical curve has a turning point
yond which a further increase inMa results in a decreas
of kc. Such a turning point occurs at largerMa for higher

Ω since the capillary instability becomes more dominant at
higherΩ so that a largerMa is required to generate an ef-
fective Marangoni destabilization. WhenMa is sufficiently
Interface Science 285 (2005) 769–780 775

large, all the curves for variousΩ gradually approach th
k = 1 asymptote. This is because in the large-Ma limit the
growth rate follows(18b), which haskc = 1 regardless o
the base flow.

4.3. The effects of different wave forms

So far, the results and discussions are based on the
flow whose strength varies sinusoidally with time with a s
gle frequency. During the normal pattern of breathing,
ratio of the inspiratory time required for a tidal volume to
delivered to the expiratory time before the next breath (
the I:E ratio) is 1:2. Normally, the inspiratory time also i
cludes a pause. For simple sinusoidal waveforms, we
that the growth of the instability is not significantly affect
when the I:E ratio is changed from 1:1 to the normal va
of 1:2 (not shown). This is because for these waveforms
first-harmonics frequency dominates; the higher freque
contributions to the growth rates are less significant. To
ther elucidate the effect of I:E by making higher frequen
contributions more important, we chose a simple rectang
wave form. This choice is also motivated to test the hypo
sis that the longer the system stays at the maximum stre
of the base flow, the less stable the system is on averag

The functional form of the rectangular wave having a z
time average is given by

(19)f (τ) =



0, if 0 < τ < τ1 andτ1 + τ2 < τ < 2τ1 + τ2,

1, if τ1 < τ < τ1 + τ2,

−1, if 2τ1 + τ2 < τ < T,

where 2τ1 denotes the time during a cycleT = 2π/Ω =
2(τ1 + τ2) when the strength function is turned off, and 2τ2
denotes the remainder of the time during the cycle when
amplitude of the strength function is unity. InFig. 8we show
the impact of different ratios ofτ1 to τ2 on the growth rate
sr(k) for a case withΩ = 1, Ca0 = 10, Ma = 1. For any
combination ofτ1 andτ2 and for some fixedk, the value of
sr is somewhere in between the steady and no-base flow
ues, just as the purely oscillatory case. At all wavenumb
sr for τ1:τ2 = 1:1 falls below the purely oscillatory case pe
haps because of the increased time during which the stre
function is switched off over the oscillatory case represen
by the sine function. Increasingτ1 (or decreasingτ2) results
in a reduction ofsr toward the no-base-flow value, while d
creasingτ1 (and hence increasingτ2) results in an increas
of sr toward the steady base flow value.

For steady base flows or stationary base states, the gr
rate is the real part of dη/dτ/η. We define an instantaneou
growth rateβ(τ) to be this ratio, namely

(20)β(τ) = 	
[

dη/dτ

η

]
.

Fig. 9shows howβ(τ) varies withτ for Ca0 = 10,Ma = 1,

k = 2,Ω = 1, τ1:τ2 = 2:1. After an initial transient period of
time due to the choice of initial conditions,β(τ) oscillates
with periodΩ , with an amplitude that is greater than theβ
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Fig. 8. sr versusk using a rectangular wave form for the strength
the pressure gradient (Eq.(19)). Here 2τ1 is the time during a cycle
T = 2π/Ω = 2(τ1 + τ2), when the strength function is turned off, and 2τ2
is the rest of the cycle when the amplitude of the strength function is u
HereCa0 = 10,Ma= 1, Ω = 1.

Fig. 9. The instantaneous growth rateβ defined by Eq.(20) is plotted as
a function of time forCa0 = 10, Ma = 1, Ω = 1, τ1:τ2 = 2:1, k = 2.
β lies between the no-base-flow and steady-flow growth rates and
mean close to the Floquet exponent.

for the no-base-flow case, which is negative for our cho
of parameters, but does not exceed theβ corresponding to

steady base flow.β(τ) increases withτ during the period of
time (τ2) when the strength function is turned on, and keeps
on increasing for a short period after the strength function
Interface Science 285 (2005) 769–780

Fig. 10. The effect of increasing the ratioτ1:τ2 to 9:1 on the instantaneou
growth rateβ . In this case, the Floquet exponent is negative, and there
longer periods during whichβ < 0 compared to the case shown in figu
This occurs while the strength function is turned off. Also, note that for
particular case, the no-flow and square-wave cases are stable but the
case is unstable. HereCa0 = 10,Ma = 1, Ω = 1, k = 2.

has been turned off before it starts to decrease toward
minimum value.Fig. 10shows what happens toβ if the pe-
riod of time during which the strength function is turned
is increased, so thatτ1:τ2 = 9:1. The maximum value ofβ
has diminished by approximately a factor of 4 compare
the τ1:τ2 = 2:1 case, andβ remains at its minimum valu
over a longer period of the cycle. This seems to suggest
the Floquet exponent, which gives a measure of the gro
rate over one period of the strength function cycle, ha
decrease with increasingτ1.

4.4. Extension to pulsatile base flows

The above results and discussions are based on a
oscillatory base flow that has a zero mean. It is also inst
tive to extend the analysis to a pulsatile base flow that
a steady part modulated with a smaller oscillation,f (τ) =
1+ �cos(Ωτ), where� (< 1) is the oscillation amplitude
We also find that the effect ofΩ on the growth rate follows
trends similar to those shown inFig. 4. That is, the growth
rate varies between those of the steady base flows havin
mean valuef = 1 (at the high-Ω limit) and the maximum
valuef = 1+ � (at the low-Ω limit). Since the former (lat-
ter) has the slowest (faster) growth rate, this also sugg
that the introduction of pulsatility causes more severe de
bilization than a steady system. Clearly, for a fixedΩ the
growth rate increases with� since the strength of the ba

flow is enhanced. All other stability features are qualitatively
similar to those of an oscillatory base flow. We thus do not
repeat them here.



and

nt,
g

m).

rom
f

n
ers,
th
e

w
i-

ding

an
de

axi-

n
ady
µm

te
vity
w
ase

ys
ap-

the
a-

n-
ve-

ro
m
g

the
s to
n is

ent
ner-
air
ater

e-

rate
the

ase.
in-
the
ould
he
be

is

ate
e-
ry

vo-
ant
nce
ploy
p-
m,
ncy

ow-
bi-
th

be-
ince
th,

in-
izes
imit
ing
illa-

ary
to
H.-H. Wei et al. / Journal of Colloid

5. Application to oil recovery and to the lung

As a typical example of a liquid–liquid displaceme
consider an oil film ofµ2 = 10 cP surrounding a water slu
(µ1 = 1 cP) with an interfacial tension of 10 dyn/cm in a
200 µm diameter tube (whose circumference is 628 µ
A typical slug velocity scale is about 1 cm/s [8]. The sur-
face concentration of an insoluble surfactant can range f
10−12 to 10−10 mol/cm2 [22]. Consider a film thickness o
10 µm orε = 0.1. These numbers giveRe1 ∼ 1, Ca∼ 10−2,
m = 10, andMa ranging from 2.5 to 250, which is withi
the range of validity of our analysis. With these paramet
the zero-surfactant-activity limit gives a maximum grow
rate of 0.05 min−1, i.e., about a 14-min doubling time. Th
corresponding wavelength is 888 µm forkmax = 1/

√
2 and

the critical wave number iskc = 1. For a steady base flo
with a moderateMa ∼ 2.5, our theory predicts the max
mum growth rate of 0.15 min−1. This growth rate is three
times the zero-surfactant-activity case. The correspon
wavelength is 560 µm forkmax ∼ 0.94. The critical wave-
length shifts to a shorter wavelength, 443 µm, forkc ∼ 1.42.
Introducing a small oscillation into a steady-flow part c
modify the above predictions. For example, if the amplitu
of the oscillation is 0.2, the same parameters give m
mum growth rates varying from 0.15 min−1 (high-frequency
limit) to 0.18 min−1 (low-frequency limit), depending o
the frequency. The latter is 1.2 times the former (the ste
case). The corresponding wavelength ranges from 587
(kmax ∼ 1.07) to 668 µm(kmax ∼ 0.94). The critical wave-
length also shifts from 361 µm(kc ∼ 1.74) to 443 µm(kc ∼
1.42).

For largeMa ∼ 250, the predicted maximum growth ra
should be one-fourth of that of the zero-surfactant-acti
case, and is 0.0125 min−1. It is independent of the base flo
and is relatively stable compared to the surfactant-free c
The correspondingkmax remains virtually unchanged.

Consider now the liquid lining along the small airwa
in the lung. At generation 18, the airway diameter is
proximately 400 µm[23]. The core fluid here is air (µ1 =
0.02 cP), and it is assumed that at the distal end of
lung the liquid layer has a viscosity similar to that of w
ter, so thatµ2 = 1 cP. A liquid layer of thickness 5 µm
(ε = 0.025) coats the airways. The air–liquid surface te
sion is 10 dyn/cm in the presence of surfactants. The
locity of air in this small airway is 0.4 cm/s. These give
Re1 ∼ 5× 10−2, Ca∼ 10−5, andm = 50; thusCa is clearly
small (say,< O(ε2)), and the system is close to the ze
flow limit. The zero-surfactant-activity limit has a maximu
growth rate of 0.8 min−1, i.e., about a 0.9-min doublin
time. Since the surface tension is much stronger than
strength of the base flow in this case, surfactant tend
stabilize the system (i.e., the Marangoni destabilizatio

extremely weak) and the critical wave numberkc ∼ 1. For
large Ma, the maximum growth is reduced to 0.2 min−1

(one-fourth of the zero-surfactant-activity case).
Interface Science 285 (2005) 769–780 777
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For liquid plug formation, as in surfactant replacem
therapy, consider a slightly larger airway, say at the 10 ge
ation having a diameter of 0.13 cm. The core fluid is still
(0.02 cP) and the annular film has similar properties to w
(1 cP). The film thickness is about 10% of the airway diam
ter, i.e.,ε = 0.1. The air–liquid surface tension is 20 dyn/cm
when exogenous surfactant is present. For a breathing
of 30 breaths per minute and a tidal volume of 500 ml,
average air speed in this airway is about 17 cm/s. These
conditions giveRe∼ 2 × 10, Ca∼ 10−3 andm = 50. If a
surfactant is selected to have property or dosage ofMa ∼ 1,
then the resulting maximum growth rate is 2.2 min−1, which
is about five times faster than that of the clean-interface c
Liquid plug formation could be regarded as a result of the
terface’s snap-off extrapolated from the linear growth at
maximum growth rate. The presence of surfactant thus c
potentially promote the formation of liquid plugs. Since t
size or length of such a liquid plug can be estimated to
about half of the wavelength occurring atkmax = 1.5, the
predicted length of a liquid plug is about 0.94 cm, which
shorter than (2/3 of) the periphery of an airway.

6. Concluding remarks

We use scaling and asymptotic analysis to investig
the fate of a CAFF by examining the effects of a tim
periodic base flow coupled with Marangoni and capilla
forces. In the thin-annulus limit, we derive a set of linear e
lution equations coupling the interface with the surfact
concentration that govern the stability of the system. Si
these equations have time-periodic coefficients, we em
Floquet theory, or alternatively an initial-value-problem a
proach, to solve for the linear growth rate of the syste
which enables us to investigate the effects of the freque
Ω and different wave forms.

As demonstrated by the previous studies[16,17,19],
destabilization can be caused solely by the base-fl
induced Marangoni effect. In particular for CAFF, desta
lization could be further reinforced by a combination of bo
Marangoni and capillary effects. Such destabilization
comes stronger with increasing strength of a base flow. S
a time-periodic base flow has a time-varying flow streng
it could modify the features of such destabilization.

For a time-oscillatory CAFF (having a zero mean),
creasingΩ decreases the growth rate and thus stabil
the system. The maximum growth rate occurs at the l
of small Ω and approaches that of a steady CAFF hav
the same base flow strength as the maximum of an osc
tory CAFF. In the large-Ω limit, however, the growth rate
reaches a minimum corresponding to that of a station
CAF. Therefore, the introduction of a smaller oscillation in

a steady CAFF (i.e., pulsatile CAFF) makes the system more
unstable than a steady CAFF. The effects of various wave
forms have also been explored and provide further verifica-
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tion of our hypotheses for our results at small and largeΩ

limits.
For the future, it would be interesting to extend t

present linear theory into the weakly nonlinear regime to
if the instability can be confined within a small-amplitu
regime. In the absence of surfactant, the recent stud
Halpern and Grotberg[13] for an oscillatory liquid lining in
a tube demonstrated that a sufficiently high frequency co
restrain the capillary growth within relatively smaller amp
tudes, preventing the snap-off of the core. When surfac
is present, the Marangoni destabilization due to the coup
with the base flow works for allO(1) wavelengths. It is
however, offset by the shortwave capillary stabilization.
a time-periodic base flow, such destabilization also depe
on the frequency of the base flow. Therefore, the ultim
fate of the interface would seem to arise from a competi
between the Marangoni destabilization, the shortwave c
lary stabilization, the flow frequency, and the nonlinear w
steepening to determine whether such a CAFF could re
its integrity.
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Appendix A. Scaling analysis

In this appendix, we outline the scaling analysis to
timate the scales of the perturbed quantities. Our s
egy essentially follows Wei and Rumschitzki[19]. Let
(w′′, u′′,p′′) and (W ′′,U ′′,P ′′) represent the disturbe
quantities for the annulus and the core, respectively.
perturbed capillarity furnishes a perturbed annular p
surep′′ ∼ δ1/Ca via the normal stress balance(10). This
capillary pressure, via the equations of motion and cont
ity (6a)–(6c), drives the perturbed film flow and results
the following disturbed velocity scales:w′′ ∼ ε2δ1/Ca and
u′′ ∼ ε3δ1/Ca. The velocity scalings of the film demands
long time scale,τ = εt , in the kinematic condition(11), so
that the interfacial dynamics are nontrivial. A balance of
terms in Eq.(11) leads toε2δ1/Ca∼ δ1, or,

(A.1)Ca∼ ε2.

That is, we are interested in the strong-surface-ten
regime. The resulting disturbed annular quantities
w′′ ∼ δ1, u′ ∼ εδ1, and p′′ ∼ δ1/ε

2. For the core quanti
ties, the continuity of the axial velocity across the interfa
and the lack of a separation of scales determine the pertu

′′ ′′ ′′
core quantities asW ∼ δ1, U ∼ δ1, andP ∼ δ1. The tan-
gential stress condition(9) now balances the film viscous
stress and the Marangoni stress to giveεδ1/Ca∼ δ2El/Ca.
Interface Science 285 (2005) 769–780
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That is,

(A.2)δ2 ∼ δ1ε/El.

If the Marangoni numberMa = El/Ca∼ O(1) or El ∼ ε2,
δ2 is an order ofε lower (i.e., larger) thanδ1 because o
Ca ∼ ε2. Thus the surfactant contamination perturbs the
nular pressure by an amountδ2El/Ca ∼ δ1/ε, which is of
a higher order inε than the capillary pressure perturbati
δ1/Ca ∼ δ1/ε

2. Note also that the leading-order tangen
stress condition(9) now only involves the film quantities
and thus the annular problem is closed without acquiring
information from the core. That is, the annular flow gove
the linear interfacial stability and the dynamics of the c
are slaved to those of the film.

Finally, we check that(A.2) is consistent with the scalin
results from the perturbed surfactant transport equation(12).
The leading order of(12) is

(A.3)εδ2Gτ + w̄(1)δ2Gz − 1

ε
w̄y

∣∣∣∣
y=1

δ1ηz + w′′
z = O(εδ1).

The first term(O(εδ2)) is the local time rate of chang
of surfactant concentration, and the other terms all co
from the surface convection—the third term of Eq.(12)—
in the surfactant balance. The second(O(εδ2)) and fourth
(O(δ1)) terms are the surface convective terms due to
interfacial base floww̄(1) = 2εf (τ)/m and the perturba
tion w′′ ∼ ε2δ1/Ca∼ δ1 velocities. The third term,O(δ1),
arises from the change in the axial velocity of the base fl
(w̄ = 2εyf (τ)/m) evaluated at the perturbed interface. T
remaining terms in Eq.(12) areO(εδ1) or of higher orders
Therefore, the scaling(A.2) is consistent with retaining a
of the convective terms in Eq.(A.3), provided thatEl ∼ ε2

or Ma∼ O(1).
The above scaling is based on the capillary-driven sta

ity mechanism that requires strong interfacial tensions
accommodates Marangoni effects. In fact, the stability
be driven solely by Marangoni effect. This scenario co
occur when the capillarity is weak, i.e.,Ca � ε2. In this
case, the film velocities resulting from the balance with
Marangoni stress arew′ ∼ εδ2Ma and u′ ∼ ε2δ2Ma. In-
specting Eq.(A.3) for retaining all relevant terms deman
Ma∼ O(1), which is again consistent with that derived fro
the preceding capillary scaling.

As such, the analysis can be indeed extended beyon
regime ofCa ∼ ε2. In Appendix B, we shall establish th
formulation based onCa∼ ε2 for capturing both capillary
and Marangoni effects in the same leading order. The
of Ca� ε2 can be regarded as the large-Ca limit.

Appendix B. Derivation of evolution equations for the
leading order stability
In this appendix, based on the scaling conditions(15), we
derive a coupled set of evolution equations for the interfacial
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deflection and the surfactant concentration. For the app
tions of our interest,Re1 ∼ O(1) or less. We postulate th
following expansions for the film (small) and core (capit
quantities:

w = w̄ + δ1w
′ + O(εδ1), u = εδ1u

′ + O(ε2δ1),

(B.1)p = p̄ + (δ1/ε
2)p′ + O(δ1),

W = W̄ + δ1W
′ + O(εδ1), U = δ1U

′ + O(εδ1),

(B.2)P = P̄ + δ1P
′ + O(εδ1).

After substitution of(B.1) and(B.2) into Eqs.(6a) and (6b),
the governing equations in the annular region become

(B.3)u′
y = w′

z, 0= −p′
z + mw′

yy, 0= −p′
y.

Using(B.1) and(B.2), and expanding the base state inter
cial velocities about their values at the base state interf
we find that the tangential and normal stress balances(9) and
(10)become

(B.4)mw′
y = −MaGz,

(B.5)p′ = 1

Ca0
(η + ηzz),

whereCa0 = Ca/ε2 andMa = El/Ca areO(1). The solu-
tion to (B.3) that satisfies the no-slip condition aty = 0 and
(B.4) is

w′ = 1

m
p′

z

[
1

2
y2 − y

]
− Ma

m
Gz,

(B.6)u′ = 1

m
p′

zz

[
1

6
y3 − 1

2
y2

]
− Ma

2m
Gzzy,

wherep′ is given by(B.5). The kinematic condition at th
interface(11) is

(B.7)u′ = ητ + 2

m
f (τ)ηz.

The surfactant transport equation(12) has the same form a
(A.3):

(B.8)Gτ + 2

m
f (τ)Gz − 2

m
f (τ)ηz + (

w′(y = 1)
)
z
= 0,

where we have invoked a long time scaleτ = εt in (B.7)
and(B.8) in order to capture all nontrivial evolutions. Su
stituting of (B.6) with (B.5) into (B.7) and(B.8), we derive
the following coupled set of evolution equations given
Eqs.(16a) and (16b):

ητ + 2

m
f (τ)ηz + 1

3mCa0
(ηzz + ηzzzz) + Ma

2m
Gzz = 0,

Gτ + 2

m
f (τ)Gz − 2

m
f (τ)ηz − 1

2mCa0
(ηzz + ηzzzz)

− Ma

m
Gzz = 0.
Notice that, as in Georgiou et al.[8], our theory is based
on lubrication in the film annulus, which demands that the
length scale in the axial direction is much longer than that
Interface Science 285 (2005) 769–780 779
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in the radial direction in the film. Thus predictions of t
present theory only hold forO(1) wavelength of a distur
bance compared toε. The theory breaks down when th
wavelength is comparable to the thickness of the annulu

Appendix C. Solution methods

A normal mode analysis cannot be used to determine
growth rate of disturbances since Eqs.(16a) and (16b)con-
tain time-periodic coefficients. In this appendix, we prov
alternative solution methods as follows.

C.1. Eigenvalue analysis

One approach to determining the growth rate of the
turbances is to perform an eigenvalue analysis based on
quet theory. It is more convenient to use the transformat

(C.1)(η,G) = (
η̂(τ ), Ĝ(τ )

)
exp

(
−2ik

m

∫
f (τ)dτ

)
eikz,

wherek is theO(1) wavenumber of the disturbances. Su
stitution of(C.1) into Eqs.(16a) and (16b)yields

(C.2)η̂τ − 1

3mCa0
(k2 − k4)η̂ − Ma

2m
k2Ĝ = 0,

(C.3)

Ĝτ − 2ik

m
f (τ)η̂ + 1

2mCa0
(k2 − k4)η̂ + Ma

m
k2Ĝ = 0.

The transformation(C.1) allows the base interfacial veloc
ity terms 2f (τ)ηz/m and 2f (τ)Gz/m to be eliminated in
(C.2) and (C.3), respectively. It is also equivalent to th
system being in a moving reference frame such thatz′ =
z − (2/m)

∫
f (τ)dτ . The growth rate does not change sin

our current system is inertial-free in the film.
We now employ the Floquet theorem to solve Eqs.(C.2)

and (C.3), and let

(C.4)
(
η̂(τ ), Ĝ(τ )

) = esτ

∞∑
n=−∞

(an, bn)e
inΩτ ,

whereΩ = ω/ε is the dimensionless frequency, ands is an
eigenvalue (the Floquet exponent) whose real partsr deter-
mines the growth rate of the system. Also, lettingf (τ) =∑∞

n=−∞ f̂ne
inΩτ , and then substituting(C.4) into (C.2)and

(C.3), a set of equations foran andbn is obtained:

(C.5)

(
s + inΩ − 1

3Ca0
(k2 − k4)

)
an − Ma

2
k2bn = 0,

(s + inΩ + Mak2)bn + 1

2Ca0
(k2 − k4)an

(C.6)− 2ik

m

∞∑
j=−∞

f̂j an−j = 0.
Equations(C.5) and (C.6)can then be written in a standard
matrix form and the eigenvalue is solved subsequently.
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C.2. Initial value problem

When the forcing function consists of multiple Four
modes, it is more convenient to solve an initial value prob
for Eqs.(C.5) and (C.6). These equations can be written a

(C.7)ẏ = Ay,

where y = (η̂, Ĝ), A is a 2× 2 matrix containing time-
periodic coefficients, and the dot denotes differentiation w
respect toτ . A 2 × 2 solution matrixx is obtained by solv-
ing Eq.(C.7)numerically twice over one periodT = 2π/Ω ,
such the first column ofx is y(T ) with y(0) = (1,0), and the
second column ofx is y(T ) with y(0) = (0,1). Appealing to
the Floquet Theorem,x satisfies

(C.8)x(T ) = eγT x(0),

whereγ is a 2× 2 matrix, which, using(C.7), is determined
as follows:

(C.9)eγT = B = x(T ) · x∗(0)

x(0) · x∗(0)
.

Herex∗(0) is the complex conjugate ofx(0). The eigenval-

ues ofγ , which are the Floquet multipliers, can be readily
computed onceB is known.
Interface Science 285 (2005) 769–780
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