LAPLACE TRANSFORMS

1 Introduction

Let f(t) be a given function which is defined for all positive values of t, if
E(s) = } estf(t) dt
0
exists, then F(s) is called Laplace transform of f(t) and is denoted by
Lif(t)} = F(s) = ? estf(t) dt
0

The inverse transform, or inverse of £{f(t)} or F(s), is
f(t) = <"{F(s)}

where s is a positive real number or a complex number with positive real part.
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[Examples]

1 = l at 1 = 1
Q=+ ;  Lev)=——
_ _ est(-scos ot + wsin wt) B s
Licosot} = [ estcosmtdt= o+ 2 = 2to?
0 t=0
(Note that s > 0, otherwise est | diverges)
t=c0
L{sinot} = f estsin ot dt (integration by parts)
0
—estsinot | * o % o % ® ®
= + — -st = — -st = — = ——————
S o S {escosmtdt S {escosmtdt s <lcos ot} 2+ o2
i} = [ mestdt (lett=2z/s, dt=dz/s)
0

” b d 1 - (n+1 .
= [%} e-Z?Z = ol J znezdz = JSI;TL ( Recall F(a):J.O e 't*dt )
0

0

Ifn=1 2 3, ...[(n+tl) = n! = Lt} = sn;l where n is a positive integer
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[Theorem] Linearity of the Laplace Transform
{af(t) +bg(t)} = aL{f(t)}+b<L{g(t))

where a and b are constants.

- J

[Example] IfL{eat} = then £{sinhat} = ??

s-a’
Since
| etoen | 11 1[ 1 1 a
Z{sinhat} = £ > =5 et} - 5 Len} =75 s—a s+a|  s2-a?
S
[Example] Find 1’1{ > 2}
s —a
1 S _ (a1 1 11 R
< s> —a’ =<4 2| s—a s+a _21 s—a 21 sta
1 1 eat+eat
= 7 eat + 7 eat = P = cosh at
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Existence of Laplace Transforms

[Example] £{1/t}

From definition,

8

t e-St

dt + [ —— dt
1

e-

st e-
t

S
t

0 1
2{1/t} = [ dt = [
0 0

© st 1 o0
But for t in the interval 0<t<1, est>e* (if s> 0), then [ ; dt e fT + f ¢ dt
0 0 1

1 1 1
However, [ t1dt =lim [ t1dt = lim Int| =lim(In1-InA) = lim(-InA) =
0 A0 A A0 A A0 A0
o -st
= { et dt diverges, = no Laplace Transform for 1/t
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Piecewise Continuous Functions

A function is called in an interval a <t < b if the interval can be subdivided into a finite number of
intervals in each of which (1) the function is continuous and (2) has finite right- and left-hand limits.

Existence Theorem
(Sufficient Conditions for Existence of Laplace Transforms)
Let f be piecewise continuous on t > 0 and satisfy the condition | f(t) | <M e't

for fixed non-negative constants y and M, then Z{f(t) } exists foralls>y.

[Proof]

Since f(t) is piecewise continuous, e*t f(t) is integratable over any finite interval on t >0,

< fe5t|f | dt < f Me'testdt =

0

| 2t} | = stf(t) if Re(s) >y

= L{ £(t) } exists.
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2
[Examples] Do Z{t"}, .4 et }, L t1/2} exist?

t2 t3 tn
(i) et =1+t + 5 + 37 ..+
= tn<n!et

= Z{tn} exists.
2

(i) e" > Me'" astapproaches infinity

2
= 2{e" ) may not exist.

| n
(i) ft1/2} = 5 exists, but note that t1/2 — oo for t — 0!

(See item 4 on page 249 in textbook!)
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2 Some Important Properties of Laplace Transforms

(1) Linearity Properties
£laft)+bg®) = aL{f(H)}+ b2l g}
where a and b are constants. (i.e., Laplace transform operator is linear)
(2) Laplace Transform of Derivatives
If f(t) is continuous and f'(t) is piecewise continuous for t >0, then
<{f(t)} = s2£{f(t)} - £(07)

[Proof]
L)} = T f'(t) estdt
0

Integration by parts by letting

u = est dv = f'(t) dt
du = -sestdt v = {(t)

= AR} = [e* Q] +s] et f@Odt=-F©Q)+sL{f(t)} = [1{f‘(t)}=s,4’{f(t)}—f(0+) ]
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Theorem: f(t), f'(t), ..., f@D(t) are continuous functions for t > 0, and f®™(t) is piecewise continuous function, then
L{ )} = sn Z{f} —sn1£(0) —sm2f'(0)—... — fD(0)

eg, Lf'(t)} = 24ft)}—sfO0)-f(©0) and L f(t)} = 3L f(t)} -2 £(0) — s £(0) — £'(0)

[Example] Zeat} = ??
f(t) = eat, f0)=1 and f'(t)=aeat

= L)} =sLlf(t)} —£f(0) or Laet} =sset}-1 or al{et} = sslet}-1

=  Let}= s_a

[Example] Z{sinat} = ??
f(t) =sinat , £f(0)=0

f'(t) = a cos at, f'(0)=a

f'(t) = —aZsin at
L f'(t)} = s22{f(t)} —sf(0)—f(0) = L{—a’sinat} = s24{sinat}-sx0-a
or —a2d{sinat} = s24{sinat}—a = L{sinat} = —s2ia2
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[Example] £{sin’t} = @ ta)

Known: f (t) =sin?t; f (0) =0; f'(t) = 2sintcost =sin 2t

Also, L{sin2t}=

s +4
Thus,  L{sin2t}=L{f"}=sL{f}-f(0)=sL{sin’t}

L{sinzt} =1L{sin 2t} __ 2

S s(s® +4)
. 208
[Example] 2£{f(t)} =£{tsinwt} = m
f(t)=tsinet, f(0)=0
f'(t) = sin wt + wt cos wt, f'(0)=0

f"(t) = 2ewcos wt — w’tsin wt = 2wcos ot — w* f ()
L{f"} =2wL{coswt}— o’ L{f (t)}=s*L{f}—sf(0)— f'(0) =s*L{f}

S . 2ws
(s? +a)2)L{f}=2a)82 = L{tsma;t}:m

w

[Example] y"-4y=0, y(@0) =1, y'(0) =2 (IVP))
[Solution] Take Laplace Transform on both sides,
4y'-4y) =20} or  Zy')-44y}=0
2Ly }-sy(0)-y'(0)-4Ly} =0 or P2Ly}l-s-2-4Ly}=0

s+2 1 X
= Ayl ="g-4 T 5.2 y(t) = e
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-space

s-space

Given problem

Y-y =t
y'(0) =1

Subsidiary equation

Solution of given problem

y(t) =e' + sinht — ¢

# 1
(s°—1)Y =—+s+1
S
Solution of subsidiary equation
B s 1 1 1

Y = + — ==
s —1 s2 =1 s2

Fig. 108.

Laplace transform method
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[Exercise] y"+4y =0, y(0)=1, y'(0)=2 (IVP!)

= y(t) = cos 2t + sin 2t

[Exercise] y"-3y'+2y=4t-6, y(0)=1, y'(0)=3 (IVP!)

)= — — 4 6
(s°y =s=3)-3(sy -1)+2y =5 -~
- s2+2s-2 1 N 2
= y s2(s—1) s—1 s2

[Exercise] y"-5y'+4y=-¢e% y0)=1, y'(0)=0 (IVP)
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Question: Can a boundary-value problem (BVP) be solved by Laplace Transform method?

[Example] y"+9y=cos2t, y0) =1 vy(w2) =-1
Let y'(0)=c

Lly"+9y} = £{cos2t}

— _ S _ B s
Sy sy -y +9y = gig or £y -s-ct9y = Gop
- s+cC + S _i S N C . S

- 4 C 1
= y=£'1{y}=g cos 3t + 5” sin 3t +75" cos 2t
Now since y(/2) = —1, wehave -1 = -¢/3 -1/5 = c=12/5

4 4 1
= y=T5 cos 3t + 5 sin 3t + 5 cos 2t

[Exercise]  Find the general solutionto y"+9y = cos2t by Laplace Transform method.
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Additional Remarks:

Since £{ f'(t) } = s £{ f(t) } — £(0%) if {(t) is continuous

If f(0) = 0 = £Ysf(s) } = f(t) (i.e., multiplied by s)

1
[Example] If we knowz"l{ 21 } =sint then .4"1{ > } = ??
S

[Solution] Since
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(3) Laplace Transform of Integrals

If f(t) is piecewise continuous and | f(t) | <M e't, then

t
J{f()dr}——z’{f }+—ff

[Proof]

t
f f(r)dt } = f{ ff } estdt (integration by parts)

0 1 0

+;?f(t)e-stdt- — [ f(z dr+—ff stdt-—ff(r)dw%z{f(t)}
0

a a

Special Cases: fora =0,

t
Af fRdi) =~ 4f) = 2
0

Inverse:

ra t
4—1{%&} = [f(r)dt  (divided by s!)

0
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[Example] If we know .4"1{ > } = 5 sin 2t, then
s"+4 2
- 1 } } 1 e d 1 —cos 2t
NW—5 ¢ = )75 sin2tdt = ——
s (52 +4) 0 2 4

1 1
[Exercise] If we know 1‘1{ 241 } = sin t, then 1‘1{m} =77

Hjsint dtdtdt
000
t

= j(l—cost)dtdt = [(t-sint)dt
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Leibnitz's Rule:

Q..
= |

(4) Multiplication by t»

[Proof]

f(s) = 2{f(t)} = ? et f(t) dt
0

0

ccll_ { est £(1) {(gs St) f(t) dt (Leibniz formula)!

= f —testf(t) dt = —} testf(t)dt = —£{tf(t)}
0 0

= At} = - 5 fle) = - g5 4f®)
d2(ar) do do

J G dx  Fe @) ~gam - Fono)mgy

d1(o)
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s—2
d 1 1
<{te] =-£(S—2) - (s —2)2
2 @2t _ 4 1 = 2
<{te }_dsz(s—Z) T (s-2)3

[Exercise] Zftsinot} = ?? Lt2cosot} = ??

[Example] ty"-ty'-y =0, y0) =0, y'(0) =3

[Solution] Taking Laplace transforms of both sides of the differential equation, we have

Lity"'—ty'—y} =40} or Lity"} =Lty } -4y} =0

d d - - - zdy —

Note that £{ty"} = - 5 Ay"} = - 5 (s2y-sy(0)-y'(0)) = -s2y'-2sy +y(0)=-s E—Zsy
d d - -, -_ 4y _
Lity') = - Ayt = - 5 (sy-y(0)) =—sy'—y=—sd—Z—y

Ly} =y
= ~2y'=2sy +sy'+y -y =0 or y' o+ 23 =0 :ﬂ———z ds
y y y *y -y y s—17Y v s_?
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Solve the above equation by separation of variable for y , we have

§ = (517 or y = ctet

But y'(0) = 3, wehave 3 = y'(0) = c (t+1) et

Il
U

y(t) = 3tet
t=0

N . | _
[Example] Evaluate & 1{ tan! (:) } indirectly by (4), i.e., £{tf(t)} =-F'(s) and F(s)= tan L (1/59).
[Solution] It is easier to evaluate the inversion of the derivative of tan’! (?) wrt s.

1 -1/s 1
By making use of the identity: ( tan”s) =+ 2+ 1 - One can obtain F'(s)=( tan” (1/s)) = s “2+1

1/s)*+1
-1
L {%tan1 &j} :[1{ 211 } =-sint

_sint =L {%tan1 Gj} =LY F(s)} = -tf() :—tLl{tanl Gj}

Jo-sint = - t(t).

= L {tan‘1 G)} =f(t) = Si? ¢
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[Example] Evaluate 1’1{ ln(l + ?) } indirectly by (4)

_ d
An(rg)| =efe 1= amd T = S04 y) = -

Since from (4) we have £1{f'(s)} = —tf(t) = ~1+et = —tf(t)
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(5) Division byt

f(t oA f(t
1{ J{L} = [ £(5) d3 provided that it‘l exists for t — 0.
S
[Example] It is known that
. 1 _ sint
L{sint} = 2+1 and lim =
t—0
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[Example]  Determine the Laplace Transform of

t
A sint _[{1-C082t}_ 1 1 s B 2
teint] 2 2s 2 G4y s(s"+4)
Th J{sinzt } B 2 ds = 1 1 S d
e t s(s2+4) O 2s T 2 P4 P
S S
[tins - —In(+4)] =[5 3 | =41 s 44 jim| Ih—>— |=In(1)=0
= |5 Ins - - In(s = n = n = =
2 4 s 4 s+4 s 4 s” soe| 8%+ 4
t
[Example] Evaluate the integral J + SN dt
0
t t
sm J o sin‘t as,
0
h ¢ sin't 3 1 1 s +4 3 Ll
Thus, e t 4 In 2 = nb5
0 s=1
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(6) First Translation or Shifting Property (s-Shifting)

If  2{f(t)}) = f(s), then Zetf(t)} = f(s—a)

If 21 f(s) }=£(t), then £ f(s-a) }=exf(t)

[Example] Z{cos2t} = >

s2+4
B 3 s+1 3 s+1
Aeteos2t) = TTHN T, T R+ 2s+5

[Exercise]  Z{e?tsin 4t}

6s—4 6s —4
Example] <414 —5———} = g1 ————
[Example] { §?—4s+20 } { (s-2)2 +16 }

6= +8 ) L[ s-2 . 4
- “’1{ (s-2)* + 16 } =oL {(3—2)2+4Z}+2L {(5—2)2+42}

= 6e2cos4t+2e2sindt= 2e2 (3 cos4t+sin4t)
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(7) Second Translation or Shifting Property  (t-Shifting)

f(t-a) if t>a
0 it t<a

3! 6

[Example] t3} = "1 ="
s s

_ {(t—2)3 t>2

80 = 19 t<2

Laplace - 23



(8) Step Functions, Impulse Functions and Periodic Functions

(@) Unit Step Function (Heaviside Function) u(t-a)

Definition:
0 t<a
u(t-a) =
1 t>a
_ f(t—a) t>a
Thus, the function  g(t) = 0 t<a

can be writtenas  g(t) = f(t-a) u(t-a)

The Laplace transform of g(t) can be calculated as
Ll f(t-a)u(t-a) } = [ estf(t-a) u(t-a) dt
0
= [ estf(t-a)dt (bylettingx=t-a)

OHS

esta) f(x) dx = e=sa f e f(x) dx = esaZ{f(t)} = esa f(s)
0

=  Zf(t-a)u(t-a)} = es2{f(t)} = exsf(s) and LY es f(s) } = f(t-a) u(t-a)
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-bs
[Example] 4{sina(t-b) u(t-b)} = ebsf{sinat} = =

s2 + a2
1 _ e-aS
[Example]  Z{u(t-a)} = —]
[Example] Calculate £{ f(t) }
et 0<t<2n
where f(t) =
et + cost t>2n
[Solution]
Since the function
0 t<2m

u(t-2m) cos(t—2m) = {

cos(t-2m) (=cost) t>2n
.. the function f(t) can be written as
f(t) = et + u(t-2m) cos(t—2m)

1 s e2"s

£f(t)} = £let}+ Lut-2m) cos(t-2m) } = T + 1
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[Example] 21~ | = ga 1 s L
xample - = & -
P 1+5¢° s +1 s+1

= sgint — u( t—% )sin( t—% ) = sgint + u( t—% )COSt

[Example] Rectangular Pulse
f(t) = u(t-a) — u(t-b)

e-as e-bs

A1)} = £lut-a)} - LAu(t-b)} = -

[Example] Staircase
f(t) = u(t-a) + u(t-2a) + u(t-3a) + ...
L{f(t)} = Lu(t-a) } + L{u(t-2a) }+ L{u(t-3a)}+ ..

= % ( eas + e'zas + e—SaS t.. )

If as>0, e3 <1, and that

o 1
1+X+X2+---=an= 1—-x ’ |X|<1
n=0
1 e
then, fors>0, £{f(t)} = 7=
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[Example] Square Wave

1
f(t) = u(t) -2 u(t-a) + 2 u(t-2a) - 2u(t-3a) +... = 2{£(t)} = < (1-2e%+ et et + )
1 1 2 1 1-—eas
- 20 emrem e )1} e e
1 eas/2 _ p-as/2 l as

- ?[ eas/2 4 eg-as/2 } s tanh(T)

t
y' +2y+6 [zdt=-2u(t)
0

[Example]  Solve with y(0) = -5, z(0) =6

y'+z'+z =0

[Solution] We take the Laplace transform of the above set of equations:

6 2 -
(sLiy}t+5)+2L{y}+L{z}=-7 (2+2s)y+62z=-2-55
or
(sL{y}+5)+(sL{z}-6)+L{z}=0 Sy +(s+1)7=1
- —b58-75-8 2 4 3
Y 7 $8+3s2-4s5s s  s-1  s+4

-5y __2(3s+2) _ 2 4

7= = =
s+1 (s=1(s+4) s-1 s+4

= y=4ly}=2ut)-4et-3e%

z=2e"+4e™"
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[Exercise]

[
@

y'+y+2z'+3z

3y'-y+4z'+z =0

I
()

y(0) = -1, 2(0)

[Exercise] y"+y={(t), y(0)=y'(0)=0

where f(t) =
0 t>1
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(b) Unit Impulse Function ( Dirac Delta Function ) §(t—a)

Definition:
1/k a<t<atk

Let fi(t) =
0 otherwise

and Ix= [ fi(t)dt = 1
0
Define: d(t—a) = lim fi(t)

k—0

Area =1
1/k

a a+k 14

Fig. 117. The function f(t — a) in (5)

From the definition, we know
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d(t-a) =
0 tza
and f d(t-a)dt =1 f d(t-a)dt =1
0 o
Note that
S 8ydt =1
0
f d(t) g(t) dt = g(0) for any continuous function g(t)
0
J 8(t-2) g(v) dt = g(a)
0

The Laplace transform of d(t) is

L{d(t-b)} = } est §(t-b) dt = ebs
0

[Question] <Z{etcostd(t-3)} = ??
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[Example] Find the solution of y for
y'+2y'+y = 5(t-1), y(0) =2 y'(0) =3
[Solution]

The Laplace transform of the above equation is

(s2y —25-3)+2(sy —2)+y =e*

- 2s+7+es  2(stl) 5 es
OF ¥V T @+25+1 ~ (st12 T (s+1)2 T (s+1)2
2 5 es

“s+1 T (s +1)2 * (s +1)2

Since
1 1
Lret) = oy (Recall £{t}=— )
= 4—1{ . i)z} = (t-1)et-Du-1)

y = 2et+5tet+ (t-1)et-Du(t-1)

=et[2+5t+e(t-1)u(t-1)]
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(c)

Periodic Functions

For all t, f(t+p) = £(t), then f(t) is said to be periodic function with period p.

Theorem:

The Laplace transform of a piecewise continuous periodic function f(t) with period p is

2f) = } est (1) dt
0

1—eps

[Proof]

3p
+ [ estf(tydt + ...
2p

(k+D)p P
[ estf(t)dt = J esw@kp) f(u+kp) du ...which is the (k+1)th integral!
kp 0

(where u = t — kp and 0<u<p)
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p
= eskp f esu f(u) du ...since f(utkp) = f(u)
0

) P
L{f} = Y ese [ esuf(u)du
k=0 0

k=0

{ } et f(u) du } i (esp) k
0

p
[ esuf(u) du
0

1—eps

[Example] FindZ{ | sinat |}, a>0

[Solution] p = % (due to |0|)
P
S esuf(t) dt
. 0
Z{|sinat |} = 1— o
n/a
S estsinatdt
-0 T ooa (Use integration by parts twice)
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= 2+a2 i 2 coth( ;:1 )

[Example] y"+2y'+5y= f(t), y(0)=y'(0)

where f(t) = u(t) - 2 u(t-n) + 2 u(t-2n) - 2 u(t-3n) +.. (Square Wave!)

[Solution]

The Laplace transform of the square wave f(t) is

1 1-e's

L L)} = s 1+o™ (This was derived previously!)

= 2y +2sy +5y =l1—e-:
s 1+e's

T D B
or Y 7 2425 +5 s 1+eTs

1
Now s(s2+2s+5)

s+ 2

(st 1)2+22
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4{1 (5+) 1 2 }

5/s (s+1)°+2% 2(s+1)"+2°
1_e-ns T, T, 2713 37[
and 1+ = l1-e™)(I-es+te?s—eds+...)
=1-2e™+2e2-2e3s+ ... (derived previously)

y 5|5 2 K 2 37
- Y =5 s (s+1)2+22 (1-2e™+2e2%s_2ed%s+)

The inverse Laplace transform of y can be calculated in the following way:

4_1{LF_ 542 }}:L—lll_ (s+1) 1 2
508 (s+1)+2 5Is (s+1)°+2% 2(s+1) +2°

- %[1— g(t)]= %{1— e (cos 2t +%sin ZtH (k=0, the first term)

271 s+2 e
4-1{€|:?_ (s+1)2+22 :|e } (k=1,2,3,...)
2
= = (1-g(t-kn)) u(t-knm)

1
But  g(t-km) = e¥") ((cos 2(t-kn) + 7 sin 2(t-kn) )

= ek g(t) =" {e‘t (cos 2t +%sin ZtH
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= % (1 - 2u(t-n) + 2u(t-2n) — 2u(t-3n) +...)
_ gét) (1 -2e™u(t-n) + 2e2"u(t-2m) —. . .)

- 5 (10 - 800 - 26 () + 2eZu(-2m)

—2e¥u(t-3m) + ...))
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(99 Change of Scale Property

2£(t)} = £(s)
then Z{f(at)} = %f(%)

[Proof]
L f(at)} = T estf(at) dt = T esw/af(u) d(u/a)
0 0

1 o0

a
0

esv/a f(u) du = %?(%)

in t
[Exercise]  Given that 4{ % } = tan1(1/s)

in at
Find 4{ =ra }

t

sin at - 1
Note that 2| —¢ = 7 f(s/a) = 7 tan'(a/s)

sin at sin at )
= 4T =ad) ¢ = tan'(a/s)
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(10) Laplace Transform of Convolution Integrals

Definition of Convolution

If f and g are piecewise continuous functions, then the convolution of f and g, written as (f*g), is defined by

(Fg)t) =

Properties
(a)

f(t-) g(t) dt

S S—

f*g = g*f (commutative law)

(tg)(t) = J f(t-7) g(1) de
0
0
= - J {(v) g(t-v) dv (by letting v = t — 1)
= [ gtv)fv)dv = (g")(t)  qed.
0

f*(g1+g2) = f*g1 +f*g> (linearity)
(Eg)™v = £(g™)
f*0 = 0%t = 0
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(e) 1*f #f in general

Convolution Theorem

Let f(s) = 2{f(t)} and g(s) = £{g())

then 2{(Fg)()} = F(5) g(6)

[Proof]
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f(s) g(s) = { [ e f(x) drM [ e g(v) dv}
0

= [ J est f(1) g(v) dv dt
00

and consider inner integral with z fixed (given), then

dt =dv and

f(s) () = [ f e () g(t—) dide
0z

t

Fig. 123. Region of integration in
the tr-plane in the proof of Theorem 1

00 00 o t
) __dtdt= [[__ dtdt
0 1 00
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= f(s)g) = f [ estf(r) g(t—1) dtdr
0z

Il
o ~—8
™
i
1
oH:—r
aQ
—~
T
a
N
—_
—
a
N
[oN
a
| I— |
[oN
-

Corollary

If f(s) = £{f(t)} and g(s) =£{g(t)}, then

£1{£(5) 8(s) } = (E*B)(1)
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, s
[Example] Find 4‘1{ m }

Recall that the Laplace transforms of cos t and sin t are

S . 1
2+1 Lsint} = 2+ 1

L{cost} =
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s
1 —
Thus, £ { (52 1)2 }

1 S 1
s+1 s2+1

sint*cost

t
Since sint*cost = f sin(t-t) cost dt
0

t
f ( sint cost — cost sint ) cost dt
0

t t
= sint f cos?t dt — cost f sint cost dt
0 0
:l sint(t+lsin 2t |+cost w
2 2 2
t sint

Note, cos(A-B)=cos A cos B + sin A sin B
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[Example]  Find the solution of y to the differential equation

y'ty = (1), y(0)=0, y'(©0)=1
1 O<t<1

and f(t) =
0 t>1

[Solution]
The function f(t) can be written in terms of unit step functions:
f(t) = u(t) —u(t-1)

Now take the Laplace transforms on both sides of the differential equation, we have

- - 1—es
s2y —l+y = —
-  I+s—-ec 1 s—1 es 1
oF Y Ts(s2+41) ~ s T 2+1 ~ s s2+1

y=1-cost+sint— [sint* u(t-1) ]

t
But the convolution sint * u(t-1) = f sin(t—1) u(t-1) dr
0

For t<1, u(t-1)=0, sint*u(t-1)=0
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and for t>1, u(t-1) =1,

} sin(t-t) u(t-1) dt = } sin(t-t) dt
0 1

Thus, sint * u(t-1) = u(t-1) | sin(t-t) drt

r—\Ho-o-

= u(t-1) cos(t-1) tl = u(t-1) [1 - cos(t-1) ]

= y = 1 —cost + sint — u(t-1) [1 — cos(t-1) ]

[Example] Volterra Integral Equation
t
y(t) = f() + [ g(t-1) y(7) dr
0

where {(t) and g(t) are continuous.

The solution of y can easily be obtained by taking Laplace transforms of the above integral equation:
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ys) = £(s) +g(s) y(s)

- f(s)
1-g(s)

For example, to solve

or

t
y(t) = 2+ f sin(t-7) y(t) dt

0
- 2 1 -
Yy = Y21V
- L L n n!
y = g3 + g5 L{t }_ n+l
y=t+75t
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(11) Limiting Values

(@) Initial-Value Theorem

lim f(t) = lim s f(s)

t—0 S—>o0

(b) Final-Value Theorem

lim f(t) = lim s f(s)

t—w© s—0

[Example] f(t)=3e2, £f(0) =3, f(o0) =0

- 3s
lim s f(s) = =3 = f(0
lim 5T = 537 0)
lim s T(s) = —0= = £
S1_r)r8s ) =%5+7 =0 = (0)

[Exercise]  Prove the above theorems
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3 Partial Fractions
- Please read Sec. 5.6 of the Textbook

where F(s) and G(s) are polynomials in s.

Casel G(s) =0 has distinct real roots
(i.e., G(s) contains unrepeated factors (s — a) )

Case?2 ...
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4

Laplace Transforms of Some Special Functions

(1) Error Function

Definition:

2 U,
erf(t) = Tf e™ dx Error Function
T

2
erfc(t) = 1 —erf(t) = Tf e dx Complementary Error Function
T

[Example] Find £{ erf \ﬁ }

At t
erfAft = %f eX’ dx = # f u?eudu
0 0

( by letting u =x2)

t
J{erf\ﬁ } = %J{f u-l/ze—udu}
0

; 1
Recall that £ { [ f(x) dr} =5 <1t} )
0

=  Z{erfAlt } = % %.&’{t’l/ze't}
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But {t1/2} = ra\//gz) = 1//_5 ['.'L{t“}—r(a+l)j

a+l
S

_Aln
we have L{t1/2et}) = \/7 (by s-shift)
s+

1
1
= 4 erf\ﬁ } = v stl
[Exercise]  Find £ — 1 1. =elerft
s (s-1)

(2) Bessel Functions

[Example] Find £{Jo(t) }

2
tzd—2+t%+(t2— p2)y:0

Note that q dt
a[t’p\] ; (t)] =—t"J,,(t)

[Solution]

Note that Jo(t) satisfies the Bessel's differential equation:
tJo"(t) +Jo'(t) + t]o(t) = 0 (p=0)
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We now take £ on both sides and note that

Il
(==}

Jo(0) =1 and Jo'(0) =-J,(0)

- dTo sTo
(Sz+1)J0+SJ0:O:> dS - - Sz+1

By separation of variables
— c

o= Jeo+1

Note that  lim s f(s) = f(0) (Initial Value Theorem)

S—>0

lim sJo = Jo(0) = 1

S—>»0

we have
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[Exercise]

[Exercise]

[Exercise]

[Exercise]

[Exercise]

[Exercise]

[Exercise]

Find 2| t Jo(bt) } = ??

Find 2{ J1(t) } if Jo'(t)

Find £{ ™

Find <

Jo(bt) }

Find [ Jo(t) dt

0

Find £{ t e J1(t) }

Find T et {
0

1 -Jo(t)

t

1 - Jo(t) .
{ t } Hint: J\/ﬁ ds

Lo

Ji(t)

1

In(s+\s+1)
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SUMMARY

1 n n!
— ; Lt} =—"g forneN
S s

A1} =

et} = ; L sinwot} =

s—a S+
Laft)y+bgt)} = aL{f(t)}+bLgt)}
£{af(s)+bgs)} = aL{f(s)}+bL7{gs)} = af(t) + bg(t)
£{F®)) = s£{f(H)} -0

Note that f(t) is continuous for t > 0 and f'(t) is piecewise continuous.

If £(0) = £(0) = £'(0) =. .. =f"D(0) = 0, then

Af fde) =+ 45w = 12
0

) ; L{cosot} =

S

2
S +0®

2
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10.

[{ﬂth} = ??(5) ds if thtL exists for t — 0.
[l{??(g)dg } = ﬂti
2{ e f(t)} = f(s—a) 6 £ f(s—a)} = ™ f(t)
2 f(t-a) u(t-a) } = €™ f(s) 7 2 e f(s)}) = f(t-a) u(t-a)
Z{u(t-a)} = - L d(t-a)} = e* ;
Lt} = 1 —1e'ps } e f(t) dt where {(t) is a periodic function with period p
0
1 - - 1

Z{f(at)} = Tf(%) v £{f(as)} = Tf(%)
2 (Eg)(t)) = £(5) &) 100 27{f() g6)} = f'g

t
where (fg)(t) = [ f(t—1) g(r) dr

0
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11.  lim f(t) = lim s f(s) ; lim f(t) = lim s f(s)

t—=0 5—00 t—o0 s—0
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