CHAPTER 2

SECOND-ORDER LINEAR DIFFERENTIAL EQUATIONS

1.1

Homogeneous Linear Equations of the Second Order

Linear Differential Equation of the Second Order

y'+p)y' +q(y = r(x) Linear
where p(x), q(x): coefficients of the equation
if rix) = 0 = homogeneous
r(x) = 0 = nonhomogeneous
p(x), q(x) are constants = constant coefficients
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() (1-x)y"~2xy' +6y = 0
U
7% 6 homogeneous
y'" - Sy + >y =0 variable coefficients
1- 1- linear
nonhomogeneous
(ii) y'+4y' +3y = € constant coefficients
linear
(iii) y'y+y =0 nonlinear
(iv) y"+ (sinx) y'+y=0 linear,homogeneous,variable coefficients
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1.2 Second—Order Differential Equations Reducible to the First Order

Casel: F(x,y,y") = 0 — y does not appear explicitly
[Example] y" = y'tanhx

[Solution] Set y' = z and y”=%

Thus, the differential equation becomes first order
z' = ztanhx

which can be solved by the method of separation of variables

dz sinh x
— =tanh xdx = “cosh x_ dx
or In|z| = In|coshx]| +c
= z = cjcoshx
or y' = cjcoshx

Again, the above equation can be solved by separation of variables:
dy = cjcoshxdx

= y = casinhx+c 4
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Case II: F(y,y',y") = 0 — x does not appear explicitly
[Example] y"+y°cosy = 0
[Solution] Again,setz = y'=dy/dx
dz dz dy dz dz

thus, y* = "3 = Gy dx - dy Y = dy?

Thus, the above equation becomes a first—order differential equation of
z (dependent variable) with respect to y (independent variable):

dz

dy z+7z cosy = 0

which can be solved by separation of variables:

dz 1 :
-2 ° cosy dy or = sinyta

1
siny + ¢

or z=y' =dy/dx=

which can be solved by separation of variables again

(siny+c)dy = dx = —-cosy+tcay+c = X
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[Exercise] Solvey" +e’(y')’ = 0

[Answer] e -c1y = x+c2 (Check with your answer!)

2

[Exercise]  Solveyy" = (y')
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21

2  General Solutions

Superposition Principle

[Example] Show that (1)y = ™, (2)y = e®and (3)y = cie™+
c2e”™ are all solutions to the 2nd-order linear equation

y'+3y' -10y = 0

[Solution] (e_5x)" +3 (e—5X)l —10 e—5x
=25e>-15e>-10e™ = 0

(eZX)n + 3 (eZX)| _ 10 e2x
=4eX>+6e>-10e> = 0

(Cl e—5x + 0 e2X)|| + 3 (Cl e—5x + eZX)l . 10 (C1 e—5x +Cy eZX)
= (25 -15e™*-10e™)
+o@de™+6e*-10e>) = 0

Thus, we have the following superposition principle:

2"_Order ODE - 6



[Theorem]
Let y; and vy be two solutions of the homogeneous linear differential equation
y'rp@y tay = 0
then the linear combination of y; and v, i.e.,
Yz = cayitop
is also a solution of the differential equation, where c; and c; are arbitrary constants.

[Proof]
(Cry1tcy)" +p(x) (c1y1+c2y2)' +q(x) (c1y1+c2yo)

=ayi"tay" +px)ayl +pX) cy?
+q(x) c1yr +q(x) c2y2

=ca (1" + p(x) y1' +q(x) y1)
t o (y2" + p(x) y2' +q(x) y2)

=1 (0) (since y; is a solution)
+c(0)  (since y» is a solution)

=0

Remarks: The above theorem applies only to the homogeneous linear differential
equations
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2.2 Linear Independence

Two functions, yi(x) and y2(x), are linearly independent on an interval
[x0, x1] whenever the relation ¢ y1(x) + c2 y2(x) = 0 for all x in the interval
implies that

c1=c=0.

Otherwise, they are linearly dependent.

There is an easier way to see if two functions y1 and y»> are linearly
independent. If c1 y1(x) + c2 y2(x) = 0 (where c1 and c2 are not both zero),
we may suppose that c; # 0. Then

C2 C2
yi)+ 77 ya(x) = 0 or yilx) = -7 7ya(x) = Cya(x)
Therefore:

Two functions are linearly dependent on the interval if and only if
one of the functions is a constant multiple of the other.

2"_Order ODE - 8



2.3 General Solution

tion:

Consider the second—order homogeneous linear differential equa-

y'tpx)y +tqx)y = 0

where p(x) and q(x) are continuous functions, then

(4)

Two linearly independent solutions of the equation can always be
found.

Let y1(x) and y2(x) be any two solutions of the homogeneous equa-
tion, then any linear combination of them (i.e., c1 y1 + c2 y2) is also a
solution.

The general solution of the differential equation is given by the lin-
ear combination

y(x) = cyix) + 2 y2(x)

where c; and c; are arbitrary constants, and yi(x) and y2(x) are two
linearly independent solutions. (In other words, y1 and y> form a
basis of the solution on the interval I)

A particular solution of the differential equation on [ is obtained if

we assign specific values to c; and ¢ in the general solution.
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[Example] Verify that y1 = €%, and y, = e are linearly
independent solutions to the equation
y'+3y' -10y = 0
[Solution]

It has already been shown that y = e™ and y = e*
are solutions to the differential equation. In addition

-5x — e—7x e2x — e—7x V2

yr = €

and e’ is not a constant, we see that e™ and e** are
linearly independent and form the basis of the general
solution. The general solution is then

y = e+ e
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2.4 Initial Value Problems and Boundary Value Problems

Initial Value Problems (IVDP)

with

p—

Differential Equation  y"+p(Xx)y'+q(x)y = 0
Initial Conditions y(x0) = ko, y'(x0) = k1

Particular solutions with c¢; and ¢; evaluated from the ini-
tial conditions.

Boundary Value Problems (BVDP)

with

Differential Equation  y"+p(Xx)y'+q(x)y =0

Boundary Conditions  y(xo) = ko, y(x1) = ks
where xo and x; are boundary
points.

Particular solution with ¢ and ¢ evaluated from the
boundary conditions.
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2.5 Using One Solution to Find Another (Reduction of Order)

If y1 is a nonzero solution of the equation y" + p(x) y' + q(x) y = 0, we want to
seek another solution y» such that y; and y; are linearly independent. Since y; and
y2 are linearly independent, the ratio

Y2

i u(x) # constant

must be a non-constant function of x, and y2 = u yi1_must satisfy the differential
equation. Now

(uy1))' = u'yrtuys
(u Y1)” = u ylll + 2 ul yll + ull Y1

Put the above equations into the differential equation and collect terms, we have

u'yi+u' Qyi'+tpy)tu(yi"+pyi'tqyi)) = 0

Since y; is a solution of the differential equation, y\"+pyi'+qy: = 0

= u'yi+u' 2yr'+py) = 0 or u"+u[2_;L1+p}= 0
Note that the above equation is of the form F(u", u', x) = 0 which can be solved by
setting U = u' .. U +[2‘y&1+p} U =20
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which can be solved by separation of variables:

U = Lz e—fp(x)dx
Y1

where c is an arbitrary constant. Take simply (by settingc=1)

1
du/dx =U = ? e_fp(x) dX
1

and perform another integration to obtain u, we have

e=J P(X¥) dx

Note that e_f p(x) dx is never zero, i.e., u is non-constant. Thus, y: and y, form a

basis.
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[Example]

[Solution]

X2yu_Xy|+y

y1 = X isasolution to

=0 ; x>0

Find a second, linearly independent solution.

Method 1: Use y2 =uvy1

Let y2 = uyr = ux

then yo' = u'x+u and y»" = u'"x+2u

2 2 2 2

Xy =Xy +ya=xXu" +2x°u XU —xu+xu=xu"+x’u = 0
or xu'"+u =0

Set U = u', then U =

—[1/x dx
U=ef/

u', .. u

Since U

Therefore, y>(x) = uy
a solution.)

e

-Inx 1
X

1
“x Y =%

JUdx =[1/xdx =Ilnx

x In x (You should verify that y; is indeed
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Method II: Use formula.

To use the formula, we need to write the differential equation

in the following standard form:

1 1
Yy -x Yt a2y =0
e—J P(x) dx
y2. = yiux) }712(X) dx
Lo
=X _[ eXX2 dx
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[Exercise 1] Given that y1 = x, find the second linearly inde-
pendent solution to

(1-x*)y" -2xy' +2y = 0

, dx 1
I—Imt:fl_x2 =5 In(

[Exercise 2] Given that y1 = x, find the second linearly inde-
pendent solution to

[Exercise 3] Verify that y = tan x satisfies the equation
y'" cos’x = 2y

and obtain the general solution to the above differential
equation.
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Homogeneous Equations with Constant Coefficients
y'tay'+by = 0

where a and b are real constants.

Try the solution

y = X — trial solution

Put the above equation into the differential equation, we have
(F+ar+b)e™ = 0

Hence, ify = e7LX be the solution of the differential equation, A must be a solution
of the quadratic equation

AM+ai+b = 0 — characteristic equation

Since the characteristic equation is quadratic, we have two roots:

—a+‘\/a2—4b

}Ll = 2
—a-\/a’—4b
}\42 = 2

2"_Order ODE - 17



Thus, there are three possible situations for the roots of A1 and A»
of the characteristic equation:

Casel a’—4b > 0 A\ and )\, are distinct real roots
Casell a’—4b = 0 M = X\, areal double root

CaseIll a®*-4b < 0 M\ and Az are two complex conjugate
roots

We now discuss each case in the following;:
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Case I Two Distinct Real Roots, A1 and A,

A ADX

Sincey; =X andy, = e are linearly independent, we have the general

solution y = ¢ eMX 4 ¢, h2X

[Example] y"+3y'-10y = 0 ; y©0) =1, y'(0) = 3
The characteristic equation is
AV+3L4-10 = A-2)(A+5) = 0
we have two distinct roots
Mo=2 M = -5
= y(x = ceX+cge™ — general solution

The initial conditions can be used to evaluate c; and ¢:

1
yx) = 7 (8 e™ —e™) -- particular solution
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Case II Real Double Roots (a*>—4b = 0)

Since 1 = A = - % , ya(x) = €7@/ 2 ghould be the first

solution of the differential equation.

The second linearly independent solution can be obtained

by the procedure of reduction of order: y» = x e—ax/2
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[Derivation]

Let y2 = uy;r = u e~ax/2
a
then y2' = u e™ax/2 - ue /2 and
2
y2' = u omaX/2 _ pemax/2 4 az o e—ax/2

so that the differential equation becomes

2
yn+ay|+by =(un_au|+azu)e—aX/2 +a(u'—% u)e—ax/2 +bue—ax/2 = 0

. a |
or u+b—4 u =20

But since a’ =4 b, we have u" = 0. Thus, u' is a constant which can be chosen
tobel... u=x.

Hence y, = x e™ax/2
Thus, the general solution for this case is

y(x) = (c1+c2x) e @x/2 general solution
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[Example] Solvey"-6y'+9y = 0
[Solution]
The characteristic equation is
AM—6A1+9 = 0 or (A=-3)* = 0
and
M = A =3
Thus, the general solution is

y = (c1+c2x)e™
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Case III Complex Conjugate Roots A; and A2 (a*—4b < 0)

1 .
M= -5 atiwo
1 .
A = -5 a-10
22
where o = b—Z andi = /-1

Thus, Y1 = eMX and Y, = eA2X are solutions (which are
complex functions) of the differential equation, i.e.

y= C1Y1 + C2Y2
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Note that we have proven that any linear combination of solutions is also a solution.
This is also valid if the constants are complex numbers. Thus, we consider the solu-

tions (which are real functions as shown later):

1 1
yr = 5 (Y1 + Yz) and Y2 = 2_1 (Y1—Y2)

From the complex variable analysisl, we have Euler Formula

i0

e’ = cosO+isin®
el® = cos0-isin®
Thus, Y, = eMX = emax/2 (cos wx + i sin ®x)
Y, = eM2X = emax/2 (cos wx — 1 sin ®x)
or y1 = e /2 o5 wx
y2 = e /2 sin wx

1 ) 1 )
Therefore, Y = Ay, + Byz, where C; :E(A_|B) and C, ZE(A+|B)
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Since y1/y2 = cot mx, o # 0, is not constant, y1 and y>
are linearly independent. We therefore have the
following general solution:

y = e—ax/2 (A cos mx + B sin mx)

where A and B are arbitrary constants.
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[Example] Solvey"+y'+y = 0 ; y@©0) =1, y'(0) = 3

[Solution]
The characteristic equation is AM+A+1 = 0, which has the solutions
-1+ 13[3 -1 - i}[B
7\,1 = 7\,2 =
2 2
3 3
Thus, the general solutionis y(x) = e™/2| A cos 325 x + B sin 325 X

The constants A and B can be evaluated by considering the initial con-
ditions:

\[3

1
y(0) = 3= —5 B-—5 A =3

7
= A=1 ; B="_p

3 7 3
-x/2 coslzﬂx+$sin > X
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Complex Exponential Function

Let z=sS+Iit = e%™2 =ge”

. ez _ es+it — eseit

Expand e" in Maclaurin series:

o . (i) (it)3+(it)4+

e =1+1t+ +
21 3! 41
t2 4 t3 t5
:( __+__...j+i(t__+__...j
21 41 3! 5l
=cost+isint

e’ =e*(cost+isint)
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Summary

For the second—order homogeneous linear differential equation
y'ray' +by =0
the characteristic equation is
A+al+b = 0
The general solution of the differential equation can be classified by the
types of the roots of the characteristic equation:

Case  Roots of 4 General Solution
I Distinct real Yy = ALY 4 o, pA2X
A, Ao
IT Complex conjugate
1
A = -5 atioy = e_ax/Z(Acosa)x+Bsina)x)
_ 1
A = -5 a-iw
III  Real double root y = (cg+ox) e~ X/2
1
A = b = - 5 a
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Riccati Equation (Nonlinear 1st-order ODE)

Linear 2" order ODEs may also be used in finding the solution to a special form of Riccati
Equation:

Original: y'+9(x)y+h(x)y* =k(x)

Special Case: y'+ y2 +p(x)y+q(x)=0

Zl ZH ZI 2
Let y =, then y' =, —[;}

thus the special Riccati equation becomes

or zZ"+px)z'+q(x)z = 0
If the general solution to the above equation can be found, then
z
y = 4

is the general solution to the Riccati equation.

[Exercise 1] Solve y'+y* +2y+1 = 0 , y(©) = 0
[Exercise 2] Solve x y' +xy+ X y2 =1
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Differential Operators

The symbol of differentiation d/dx can be replaced by D, i.e.,

dy
Dy = 3¢ =V

where D is called the differential operator which transforms y into its derivative y'.
For example:

D(x*) = 2x

D(sin x) = cos x
D’y=D(Dy) = D(y) = y"
D3y — ylll

In addition, y" +ay'+ by (where a, b are constant) can be written as
D’ + aDy+by  orLly]=P(D)lyl=(D*+aD+b)[y]=y"+ay +by

where P(D) is called a second—order (linear) differential operator. The homogene-
ous linear differential equation, y" + ay' + b y = 0, may be written as

(D*+aD+by = 0 or L[yl=P(D)[y]=0
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[Example]

Calculate (3D* — 10D - 8) x%, (3D+2) (D-4)x?, and (D—4) (3D+2) x>

[Solution]
(BD*-10D -8) x* = 3D**—10Dx*- 8x>
= 6—20x —8x°
BD+2)(D-4)x> = (3D +2) (Dx*—4x%)

= (3D +2) (2x — 4x7)

= 3D(2x — 4x%) + 2(2x — 4x7)
= 6 —24x + 4x — 8%

= 6—20x — 8

(D-4)3D +2)x* = (D-4)(3BDx*+2x%)
= (D -4) (6x +2x%)
= D(6x + 2x%) — 4(6x + 2x7)
= 6+ 4x — 24x — 8%°
= 6—20x —8x°

Note that (3D*~10D-8) = (3D +2)(D-4) = (D-4) (3D +2)
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The above example seems to imply that the operator D can be handled as
though it were a simple algebraic quantity.

But...

[Example]

[Solution]

Thus,

Is(D+1) (D +x)e

(D+1)(D+x) e

*= D+x)(D+1)e*?

= (D+1) (De* +x¢€)
(D+1) (e" + x e
D(e*+xe) + (e" + x e
e’ +te+txe +te +txe
3e" + 2xe"

# (D+x)(D+1)e"
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This example illustrates that interchange of the order of factors containing variable co-
efficients are not allowed. e.g., xDy # Dxy, or in general, P;(D) P»>(D) # P»(D) P1(D)

[Question] Is (x’D) (xD)y = (xD)(x*D)y ?

[Example] Factor L(D) = D?+ D -6 and solve L(D)y = 0
[Solution]

L(D) = D°+D-6 = (D+3)(D-2)
LD)y = y'+y' -6y =0

has the linearly independent solutions

- 2
y1 = e and y2 = e~

Note that
D+3)(D-2)y =0
can be factored as

D+3)y =0 = y =ce
D-2)y =0 = vy e

which also form the basis of L(D)y = 0.
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4  Euler Equations (Linear 2nd-order ODE with variable coefficients)

For most linear second—order equations with variable coefficients, it is neces-
sary to use techniques such as the power series method to obtain information
about solutions. However, there is one class of such equations for which
closed—form solutions can be obtained — the Euler equation:

xX’y'+axy' +by = 0, x # 0

We now guess that the form of the solutions of the above equation be

and put the derivatives of y into the Euler equation, we have
2 m—2 m~1 m _
xm(m-1)x" “+axmx™ " +bx™ = 0

If x # 0, we can divide the above equation by x™ to obtain the characteristic
equation for Euler equation:

m(m-1)+am+b = 0 or
m’+(a-1)m+b = 0 (Characteristic Equation)

As with the constant—coefficient equations, there are three cases to consider:
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Casel Two Distinct Real Roots my; and m;

In this case, x™1 and x™2 constitute a basis of the Euler equation.
Thus, the general solution is

y = o xM + ¢ xM2

Case Il The Roots are Real and Equal m;=m; =m =(1-a)/2

In this case, x™ is a solution of the Euler equation. To find a second
solution, we can use the method of reduction of order and obtain
( Exercise! ):

y2 = x"In |x]|
Thus, the general solution is

y = x"(a+tcln|x]|)
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Case I11The Roots are Complex Conjugates pu+ i v

This case is of no great practical importance. The two
linearly independent solutions of the Euler equation
are

X" = (e'“x)iv =¢e""™ = cos(vInx)+isin(vInx)
X™ = x*" = x| cos(vInx)+isin(vinx) |
X™ =x*" =x*| cos(vInx)—isin(vinx)]

By adding and subtracting these two equations

xH cos (vIn |x]|) and xM sin (vIn |x])

Thus, the general solution is

y = xH [Acos(vin |x|)+Bsin(vin |x])]
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[Example] x“y'"+2xy'-12y = 0
[Solution] The characteristic equation is
m(m-1)+2m-12 = 0
with roots m = -4 and 3

Thus, the general solution is

y = cxt+ox

[Example] X’y'-3xy' +4y = 0
[Solution] The characteristic equation is
m(m-1)-3m+4 = 0

m = 2, 2 (double roots)

Thus, the general solution is

y = X2(C1+C21n | x])
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[Example] x“y'"+5xy'+13y = 0
[Solution] The characteristic equation is
m(m-1)+5m+13 = 0
or m = -2+3i and -2-3i
Thus, the general solution is

y = x?[cicos (3In|x|)+ casin 3In|x]|)]

[Exercise 1] The Euler equation of the third order is

X3ym+ax2yn+bxy|+cy =0

Show that y = x™ is a solution of the equation if and only if m is a
root of the characteristic equation

m’+(a-3)m°+(b-a+2)m+c = 0

What is the characteristic equation for the n™ order Euler equation?
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[Exercise 2]  An alternative method to solve the Euler equation is by
making the substitution

or z = Inx

Show that he homogeneous second—order Euler equation
2 1

x“y"+axy'+by = 0, x#0
can be transformed into the constant—coefficient equation

d?y dy
F‘F(a—l)g‘f‘byzo

[Exercise 3] (x*+2x+1)y" -2(x+1)y +2y = 0
[Exercise 4] (3x+4)°y" - 6 (3x+4)y +18y = 0
[Exercise 5] y" + (2e*-1)y' + ey = 0 (Hint:Letz = &)
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5.1

Existence and Uniqueness of Solutions

Second—Order Differential Equations

Consider the initial value problem (IVP):
y'tp)y +qk)y = 0 (la)
with y(Xo) = ko , y'(Xo) = ki (1b)

Note that (1a) is a 2rd-order, linear homogeneous differential
equation.

Theorem—Existence and Uniqueness Theorem

If p(x) and q(x) are continuous functions on an open interval I
and xo is in I, then the initial value problem, (1a) and (1b), has
a unique solution y(x) on the interval.
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Wronskian—Definition

The Wronskian of two solutions y1 and y2 of (1a) is defined as

y1 Y2
y1' y2

W(yy y2) = ‘ = y1y2' — y2y1

Theorem—Linear Dependence and Independence of Solutions

If p(x) and q(x) of the equation

y'rp@y tay = o
are continuous on an open interval I, then the two solutions
y1(x) and y»(x) on I are linearly dependent, iff (if and only if )
W(y1, y2) = 0forsomex = xpinl.

Furthermore, if W=0 for X=Xy, then W =0 on I, hence if

there is an X1 in I at which W is not zero, then Yiand Y, are lin-
early independent on 1.
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[Proof]:

(1)

If solutions y1 and y» are linearly dependent on1 = W(y1, y2) =0

If y1 and y» are linearly dependent on I, then

yi1 = cy2 or y2 = kyi
This is true for any two linearly-dependent functions!
If we takey; = cya, then
cy2 Y2
cy2' y2'
Similarly, wheny, = kyi, W(yy, y2) = 0.

W(y1 y2) = W(cyz y2) =
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2 W (yl, yz) =0atx=%, = VY, linearly dependent

We need to prove that if W(y1, y2) = 0 for some x = xo on [, then
y1 and y» are linearly dependent.

e Determine nontrivial constants ¢, and C, at X=X, :
We consider the system of linear equations:

€Y1 (%) +CY, (%) =0

Clyl, (Xo) +C, yz, (Xo) =0

where ¢; and ¢» are constants to be determined. Since the de-
terminant of the above set of equations is

y1(xo0) y2'(x0) — y1'(x0) y2(x0) = W(yi(xo), y2(x0)) = 0

we have a nontrivial solution for c; and c; that is, ¢, and ¢, are
not both zero.
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e Showthaty=cCy,+CYy,=00nl

Using these numbers ¢, and t,, we define

y = CGyix)+ G ya(x) (*)

Since y1(x) and y2(x) are solutions to the differential equation,
y is also a solution. Note that

y(x0) = T yi(xo)+ Cya(xo) = 0
y'(x0) = C yi'(x0) + Crya'(x0) = 0
Thus, y(x) in equation (*) solves the initial value problem
y'+tpX)y' taqx)y = 0
IC: y(xo) = y'(x0) = 0

But this initial value problem also has the solution y*(x) = 0 for
all values on I. From the existence and uniqueness theorem,
the solution of this initial value problem is unique so that

yx) = y*(x) = syix)+tgyxAx) = 0

for all values on 1.
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e Establish linear dependence betweeny, and y,

Now since C; and C, are not both zero, this proves that y; and
y2 are linearly dependent.

Implication:

If W(y,,y,)=0atx=x, inl, then

y,(x) andy, (x) are linearly independent!
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Alternative Proof by Abel's Formula

W = yiy2 —yayr
Wh= iy’ —yayr)' = yiy2 +yiy2" —ya'yn' —yayn”
=V Yz” - V2 }71"

Since y; and y; are solutions to y" + p(x) y' + q(x) y = 0, we have

yi't+tpx)yri'+qx)yr = 0
and y2"+p(x)y2' +q(x)y2 = 0

Multiplying the first of these equations by y. and the second by y; and sub-
tracting, we obtain

yiy2"' —yay1" + p(x)(yiy2' —y2y1') = O
or W+px)W = 0
Thus,

—J p(x) dx
W(y1,y2) = Ce J e Abel's Formula

where C is an arbitrary constant.

Since an exponential is never zero, we see that W(yy, y») is either always zero
(when C = 0) or never zero (when C # 0).
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Thus, if W = 0 for some x = xg in I, then W = 0 on the entire I.
In addition, if there is an x; on I at which W #0, then y; and
Y2 are linearly independent on I.

[Example] yi=coswx, y2=sinwx =0
COS MX sin mx
W(y1, y2) = . = o # 0
—®SIn ®X M COS MX

thus, y1 and y: are linearly independent.
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Theorem—Existence of a General Solution

If p(x) and q(x) are continuous on an open interval I,

theny”+ p(x)y'+q(x)y =0 has a general solution.

Theorem—General Solution

Suppose that y”+ p(x)y'+q(x)y =0 has continuous coefficients p(x) and q(x)
on an open interval I. Then every solution Y (x) of this equation on | is of the form
Y (x)=C.y,(x)+C,y,(x)
where y,, y, form a basis of solution on | and C,, C, are suitable constants. Hence, the
above equation does not have singular solution.
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6.1

Nonhomogeneous Linear Differential equations

General Concepts

A general solution of the nonhomogeneous linear differential equation

Y+ paa() yT U+ L+ pi() Y+ po() Yy = 1(x)
on some interval I is a solution of the form
y(x) = yn(x) *+ yp(x)

where yn(x) = c1 y1(x) + ... + cn yn(X) is a solution of the homogeneous
equation

YO+ paa() y" A pi() Y Fpo(x)y = 0

and yp(x) is a particular solution of the nonhomogeneous equation.
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Y"+ DY +G(X)Y = F(X) w-ommmmeeeeee (1)
"+ PO +G(X)y =0 -ooeererrrrroeeee @

Relations between solutions of (1) and (2):

® The difference of two solutions of (1) on some open interval I is a
solution of (2) on I.

® The sum of a solution of (1) on I and a solution of (2) on I is a solu-
tion of (1) on L.
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[Example]
-
yx) = ae’+tcmev+3e
is the solution of
y'—4y' +3y = 10 e
where yn(x) = c1e*+ ce™is the general solution of

y' -4y +3y =0

and yp(x) = 3~ e satisfies the nonhomogeneous equation, i.e.,

yp(X) is a particular solution of the nonhomogeneous equation.

There are two methods to obtain the particular solution y(x): (1) Method of
Undetermined Coefficients and (2) Method of Variation of Parameters. Our main
task in the following is to discuss these two methods for finding y,(x).
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6.2 Method of Undetermined Coefficients

[Example 1] y'+4y = 12
The general solutionof y"' +4y = 0is
yn(X) = c1cos 2x + ¢z sin 2x
If we assume the particular solution
yp0) = k
then we havey," = 0, and
4k =12 or k = 3 ok!

Thus the general solution of the nonhomogeneous
equation is

y(X) = cicos2x+cosin2x +3
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[Example 2] y"+4y = 8x°

If we now assume the particular solution is of the
form

yp(x) = mx’

then vy,''(x) = 2m
and 2m+4mx> = 8x°

However, since the above equation is valid for any
value of x, we need

m =0 and m = 2

which is not possible.
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If we now assume the particular solution is of the
form

yp(x) = mx*+nx+q
then vy, = 2mx+n
yp' = 2m
thus 2m+4(mx*+nx+q) = 8x°
or 4mx*+4nx+(2m+4q) = 8x
4m=38
or 4n=0
2m+4q=0

or m = 2n = 0q = -1
yp(x) = 2x*-1
and  y(x) = ccos2x+crsin2x+2x* -1
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[Example 3] y'—4y'+3y = 10e™
The general solution of the homogeneous equation
y'-4y'+3y = 0
is yr(X) = cre’+ce™

If we assume a particular solution of the nonhomogeneous
equation is of the form

yp(x) = ke™
then — y,' = -2ke™ y" = 4ke™
and  4ke®-4(2ke®)+3(ke?) = 10e™

or 15ke®™ = 10e™

or k = 2/3

Thus (x) = cae*+c e3"+2 e
y 1 2 3
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[Example 4] y'+y = xe*
The general solution to the homogeneous equation is

Yh = C1SIN X+ C2COS X

Since the nonhomogeneous term is of the form

X e2x

If we assume the particular solution be

yp = kxe*
we will have

k (4e™+ 4xe™) +kxe™ = xe*
or k =0 and 5k =1

which is not possible.
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So we try a solution of the form
Vp = e”™ (m + n x)

we will have

e2x

Yo T o5 (5x—4)

Therefore, the general solution of this example is

e2x
y(x) = asinx+cacosx+ 5z (5x—4)
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[Example 5] y'+4y'+3y = 5sin2x

The general solution of the homogeneous equation is
Vh = aqeX+ce™

If we assume the particular solution be of the form
yp = Kksin2x

then vy, = 2kcos2x yp' = -4ksin2x

—4ksin2x+4 (2kcos2x) +3 ksin2x = 5sin2x

or —ksin2x+8kcos2x = b5sin2x

since the above equation is valid for any values of x,
we need

-k =5 and 8k =0

which is not possible.
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We now assume
Yp = msin2x+ncos2x

and substitute y,, yp' and y,'" into the nonhomogene-
ous equation, we have

_ 1 _ 8
m = -"q3 and n = --3

Thus y = C1e_X+Cze_3X—? (sin 2x + 8 cos 2x )
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[Example 6] y'=-3y'+2y = e*sinx
The general solution to the homogeneous equation is
Vyh = ¢ e*+ce”

Since the r(x) = €* sin X, we assume the particular
solution of the form

Vyp = me sinx+ne*cosx

Substituting the above equation into the differential
equation and equating the coefficients of e* sin x and
e* cos x, we have

eX
Yp = 7 (cosx—sinx)

X

and  y(x) = cie*+ce”+ 5 (cosx—sinx)
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[Example 7] y'+2y'+5y = 16 € +sin 2x
The general solution of the homogeneous equation is
yh = e (c1sin 2x + c2 cos 2x)

Since the nonhomogeneous term r(x) contains terms of e*
and sin 2x, we can assume the particular solution of the
form

yp = ce' +msin2x +ncos 2x

After substitution the above y, into the nonhomogeneous
equation, we arrive

4 1
yp = 2€ —77 cos2x+ 75 sin 2x
Thus
1
y(x) = €7 (cisin2x+cacos2x)+2e" —77 cos2x + 17 sin 2x
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X

[Example8] y"-3y'+2y = e
The general solution of the homogeneous equation is

yn(X) = c1e*+ce™

If we assume the particular solution be of the form
yp = ke

we would have
k-3k+2k =1

or 0 =1

which is not possible (Recall that k e* satisfies the homoge-
neous equation). We need to try a different form for yp.
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Assume

then yp = k(e +xe9) vy, = k(e +xe€
and k2e*+xe)-3k(e"+xe)+2kxe* = €&
or -k =1 or k = -1

X

Thus, y = cie+ce™—xe
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X

[Example9] y"-2y'+y = e
The general solution of the homogeneous equation is

yh = (1+tcx)e’= cre*+crxe

If we assume the particular solution of the nonhomogene-
ous equation be

yp = ke or yp = kxe*

we would arrive some conflict equations for k.

If we assume y, = kx*e*
1
then we have k = 5
L
thus yx) = (@+tax)e’+s; x e
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In summary, for a constant coefficient nonhomogeneous linear differen-
tial equation of the form

yWray" U+t fy gy = r(x)
we have the following rules for the method of undetermined coefficients:

(A) Basic Rule: If r(x) in the nonhomogeneous differential equation
is one of the functions in the first column in the following table,
choose the corresponding function y, in the second column and de-
termine its undetermined coefficients by substituting vy, and its
derivatives into the nonhomogeneous equation.

(B) Modification Rule: If any term of the suggested solution y,(x)
is the solution of the corresponding homogeneous equation, multi-

ply y, by x repeatedly until no term of the product x'y, is a solu-

tion of the homogeneous equation. Then use the product x"y, to
solve the nonhomogeneous equation.

(C) Sum Rule: If r(x) is sum of functions listed in several lines of the
first column of the following table, then choose for y, the sum of
the functions in the corresponding lines of the second column.
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Table for Choosing the Particular Solution

r(x) Yp(x)
Py(x) ap+arx+..+a,x"
Py(x) e™ (ap+arx+..+a,x")e™
Po(x) e sin bx | (ap+arx+..+a,x")e™ sin bx
+ ¢ and/or + and
Qu(x) €™ cos bx ) (co+c1x+..+c,x")e™ cos bx

where Py(x) and Qu(x) are polynomials in x of degree n (n £0).
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[Example 10] y"-4y' + 4y

= 6xe>

[Solution] yn = c1e™ + coxe™

yp  first guess: yp

[Example 11] y"-2y'+y
[Solution]

Guess of yp:

Yp
Yp

Yh

Yp
Yp
Yp

Yp

= (a+bx)e™ No!
= x(a+bx)e™ No!

= x*(a+bx)e”™ OK.

e’ +x
= (a+cx)e”

= a+bx+ce® No!
= a+bx+cxe* No!

= a+bx+cx’e OK

= 2+ le
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[Example 12] x*y"-5xy'+8y = 2Inx, x>0

[Solution] Note that the above equation is not of constant coefficient
type!

Letz = Inx, orx = €% then
d> d
xX*y'+axy +by = 0 :EZ% + (a-l)a% + by = 0

thus, x’y"-5xy' +8y = 2Inx

2 2
dy. dy . dy  dy
= 42 t@-1)—y5, *by = 2z .~ 12 673, T8 = 2z
— 4Z+ 2z d — +d = l +i
Vh cire c2e™ an Vp cz 1 2% 716
(z) = c1e*” +ce” + _Z+i
y ! 2 4 16
PO SR I
= yx) = ax tax’+ Inx +7¢
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[Exercise 1] (a) x°y" —4xy' +6y = x*—x
X
[Answer] y = axX’+ox - 5 - x* In x

b) y" -y = xsinx

c) y'-y = xe'sinx

) y'+y = -2sinx +4xcosx

e) (D*+1)(D-1)y = xe™+cosx

f) y"-4y'+4y = xe¥, with y(0) = y'(0) = 0

[Exercise 2] Transform the following Euler differential equation
into a constant coefficient linear differential equation by
the substitution z = In(x) and find the particular solu-
tion yp(z) of the transformed equation by the method of
undetermined coefficients:

X*y"-xy' -8y = x*-3In(x) ; x>0
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6.2 Method of Variation of Parameters

In this section, we shall consider a procedure for finding a par-
ticular solution of any nonhomogeneous second—order linear dif-
ferential equation

y'tpx)y' tqx)y = 1(x)

where p(x), q(x) and r(x) are continuous on an open interval L.

Assume that the general solution of the corresponding homoge-
neous equation

y'+tpX)y' +tqx)y = 0
isgiven yn = c1y1+ 2y

where, y1 and y2 are linearly independent known functions, c; and
c2 are arbitrary constants.
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Suppose that the particular solution of the nonhomogeneous
equation is of the form

yp = u(x)yi(x) + v(x) ya(x)

This replacement of constants or parameters by variables gives
the method name "Variation of Parameters".

Notice that the assumed particular solution Yy contains two un-

known functions u and v. The requirement that the particular so-
lution satisfies the non-homogeneous differential equation im-
poses only one condition on u and v.

It seems plausible we can impose a second arbitrary condition.
By differentiating y,, we have

yp = wyrtuyr+viy:+vys
To simplify this expression, it is convenient to set
uyi+vy: =0

(Condition 1)
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This reduces the expression for y,' to

yp = uyr tvys
Differentiating once again, we have

yp — ul y1| + u y1l| + Vl y2| + \V4 y2|l

Putting y,", yp' and y, into the nonhomogeneous equation
and collecting terms, we have

u(yi'"tpyil'tqy) vy tpy2'+tqyr) tuyl +v'yd

=T

Since y; and y. are the solutions of the homogeneous
equation, we have

q' y1| + v y2| = r

(Condition 2)
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This gives a second equation relating u' and v', and we
have the simultaneous equations

yru' +1ypo’ = 0
y11u|+y2|vl = 7

which has the solution

0 vy, y, 0

u|_ry;=_&r V|_y{r=M
Y. Y, W Y, Y, W
Y1 Ys Vi Ys

where W = yiy)'—yi'y2#0

is the Wronskian of y; and y,. Notice that y; and y: are
linearly independent!
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After integration, we have
r r
u = —J%dx v = J%dx

Thus, the particular solution yy is

1T

yar yit
yp(X) = -y1 | W dx + y2 |y dx
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2x

[Example1] y'"-y = e
The general solution to the homogeneous equation is

yh = cre tce

=X X

ie., y1 = e y2 = ¢

The Wronskian of y; and y» is

e—X eX
W = =2
— e~
X 2x 3x
ya T e e —e
! —_ — —_ —_
thus, u W ) >
. Y11‘ ~ e—x e2x ~ ex
v W~ 2 "2
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Integrating these functions, we obtain

A particular solution is therefore

e3x e 2x

and the general solution is

e2x

y) =hTYe = e +tce’+t 5
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[Example 2] y"+y = tanx

The general solution to the homogeneous equation is

Yh = C€1C€0S X+ C2sin X
thus, y1 = cosx y2 = sinx
Cos sin
Also W | =
—SIN X COSX
y2 T ,
sothat u' = W = —sin X tan x
yiTr .
v = W =cosXxtanx = sinx
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sin? x J-coszx—l

dx = dx = jcos xdx — J'sec xdx
COS X COS X

Hence U= I_

Since by looking up table

jsecdx =In|sec x+tan x| = 1 In m
1-sinx

Thus,

u=sinx—In| sec x + tan x |

V = -C0sX
Thus, the particular solution is

Vp = uyitvy2 = -cosx In| secx+tanx |
and the general solution is

y(X) = c1cosx + c2sinx—cosx In| sec x + tan x
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[Example 3] x*y"+2xy' -12y = \/?(

The homogeneous part is a variable-coefficient Euler equation. The
general solution is

Yh = cax*F+aox
or y1 = x* y2 = x>
x*t X
and W = .| T 7 X7
—4x™ 3x
1 S
or w7

In order to use the method of variation of parameters, we must
write the differential equation in the standard form in order to
obtain the correct r(x), i.e.,

2 12
yu_'_; yl_? y = x—3/2 or I'(X) — X—3/2
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2 7/2
,o_ Y2 3 3 X X°
Thus, u = -y ToX0X 7 ==z
2 7/2
oY1t 4 3 X X
1 2 1 2
_ = £ 9 _ = £ 5
Hence u 7 9 X \Y% 7 5 X

sothat y, = uyir+vye

4
= _— 12

45
Thus, the general solution is given by

4
y(x) = axt+ox — 5 X
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[Example 4] (D*+2D+1)y = e*Inx
[Solution] y = yn+yp

where yy is the solution of (D*+2D +1)y = 0

or yh = e tcoxer .oy = e, y2 = xe”
e xe™
W = =g
e -xe¥+e™

I T
yp(x) = —w[%dx + yzj%dx

=-e" [ (xe™)(eInx)(e™)dx + xe™ [ (7)™ Inx) (e )dx

= —e‘x_[ X In xdx + xe‘xj In xdx
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From Table:

In xdx = xInx—x

2 X2

[ xIn xdx:X—In X ——
2 4

X X
y,(X)=—e| —Inx—— [+xe™(xInx—x)
2 4
'S 3
=e” (5 Inx-7 x9)
-X -X -X X2 3 2
y = ae’taxe’t+e” (5 Inx-7 x9)
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[Exercise 1]
(a) Solve x’y"-2xy'+2y = x*+2
(b) x*y"-xy' -8y =x*-3In(x) ; x>0
Yy

c) Solve xvy"+vy'- = x e~
() y'ty -

d) Solve "_3v'+ 2y = cos(e”
y y y
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[Exercise 2]2 Consider the third—order equation

y' +al)y" £ by ey =

t()(1)

Let y1(x), y2(x) and ys(x) be three linearly independent solu-
tions of the associated homogeneous equation. Assume that

there is a solution of equation (1) of the form

ye(x) = u(¥)yi(x) + v(x) y2(x) + w(x) ys(x)

(a) Following the steps used in deriving the variation of
parameters procedure for second—order equations, derive

a method for solving third—order equations.

yu' +y,v' +y,w =0
yu' +yv'+yw =0
YU + YoV + yaw' = f

(b) Find a particular solution of the equation

y" -2y —4y = e tanx

Grossman, S. I. and Derrick, W. R., Advanced Engineering Mathematics, p. 123, 1988.
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